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A Torelli theorem for urves over nite
elds
Fedor Bogomolov, Mikhail Korotiaev and Yuri Tshinkel
Courant Institute of Mathematial Sienes, N.Y.U.
251 Merer str., New York, NY 10012, U.S.A.
To John Tate, with admiration
Abstrat. We study hyperboli urves and their Jaobians over nite
elds in the ontext of anabelian geometry.
1. Introdution
This paper is inspired by the foundational results and ideas of John Tate in the
theory of abelian varieties over nite elds. To this day, the depth of this theory
has not been fully explored. Here we apply Tate's theorems to anabelian geometry
of urves over nite elds.
Let C be an irreduible smooth projetive urve of genus g = g(C) ≥ 2
dened over a eld k and let C(k) be its set of k-rational points. When k is the
eld of omplex numbers, the omplex torus
H0(C(C),Ω1C)
∨/H1(C(C),Z)
is the set of omplex points of an algebrai variety, the Jaobian variety J of C.
Choosing a point c0 ∈ C(C) we get a map
C(C)→ J(C)
c 7→ (ω 7→ ∫γ ω),
where ω ∈ Ω1C is a global setion of the sheaf of holomorphi dierentials on C
and γ is any path from c0 to c. In a more algebrai interpretation, the abelian
group J(C) is isomorphi to Pic0(C)/C(C)∗, the group of degree zero divisors on
C modulo prinipal divisors, and the map above is simply:
C(C)→ J(C)
c 7→ c− c0.
This onstrution an be arried out over any eld k, provided C(k) 6= ∅ and
also ontains the basepoint c0: by a fundamental result of Weil, the Jaobian J
1
is dened over the eld of denition of C, and the set-theoreti maps above arise
from k-morphisms.
For eah n ∈ N, we get maps
Cn(k)
σn−→ C(n)(k) ϕn−→ J(k)
where Cn is the n-th power and C(n) = Cn/Sn is the n-th symmetri power
of C, i.e., C(n)(k) is the set of eetive degree n zero-yles on C whih are
dened over k. The map to the Jaobian assigns to a degree n zero-yle c1 +
. . . + cn ∈ C(n)(k) the degree 0 zero-yle (c1 + . . . + cn) − nc0. The maps ϕn
apture interesting geometri information. For example, ϕg is birational, whih
leads to an alternative denition of J as the unique abelian variety birational to
C(g). The lous Θ := ϕg−1(C(g−1)) ⊂ J is an ample divisor, the theta-divisor.
The lassial Torelli theorem says that the pair (J,Θ), onsisting of the Jaobian
J of C and its polarization Θ, determines C up to isomorphism. This theorem
holds over any eld and is one of the main tools in geometri and arithmeti
investigations of algebrai urves, relating these to muh more symmetri objets
- abelian varieties.
From now on, let k0 be a nite eld of harateristi p and k = k¯0 an algebrai
losure of k0. Reall that J(k) is a torsion abelian group, with ℓ-primary part
J{ℓ} ≃ (Qℓ/Zℓ)2g, for ℓ 6= p.
The desription of J{p} is slightly more ompliated: there exists a nonnegative
integer n ≤ g suh that J{p} ∼= (Qp/Zp)n. Nevertheless, as an abstrat abelian
group, J(k) depends almost only on the genus g of C. The proyli Galois
group of k/k0 ats on J(k) and one an onsider the Galois representation on the
Tate-module:
Tℓ(J) := lim←−J [ℓ
n], ℓ 6= p,
where J [ℓn] ⊂ J(k) is the subgroup of ℓn-torsion points. Let FJ be the harater-
isti polynomial of the Frobenius endomorphism on
Vℓ(J) := Tℓ(J)⊗Qℓ.
By a fundamental result of Tate, FJ determines the Jaobian as an algebrai
variety, modulo isogenies:
Theorem 1.1 (Tate [Tat66℄). Let J, J˜ be abelian varieties over k0 and FJ , FJ˜ ∈
Z[T ] the harateristi polynomials of the k0-Frobenius endomorphism Fr ating
on Vℓ(J), resp. Vℓ(J˜). Then
Hom(J, J˜)⊗ Zℓ ∼−→ HomZℓ[Fr](Tℓ(J), Tℓ(J˜)).
The abelian varieties J and J˜ are isogenous if and only if FJ = FJ˜ .
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In partiular, while the Galois-module struture of J(k) distinguishes J in a
rather strong sense (but not up to isomorphism of abelian varieties, an example
an be found in [Zar℄, Setion 12), the group struture of J(k) does not.
In this paper, we investigate a ertain group-theoreti analog of the Torelli
theorem for urves over nite elds. This analog has a natural setting in the
anabelian geometry of urves. Throughout, we work in harateristi ≥ 3.
Let J1 = J1 be the Jaobian of (degree 1 zero-yles of) C and
j1 : C(k) →֒ J1(k)
c 7→ [c] (1)
the orresponding embedding. The Jaobian J of degree 0 zero-yles on C ats on
J1, translating by points c ∈ C(k). Let C˜, resp. J˜ , be another smooth projetive
urve, resp. its Jaobian. We will say that
φ : (C, J)→ (C˜, J˜)
is an isomorphism of pairs if there exists a diagram
J(k)
φ0

J1(k)
φ1

C(k)
j1
oo
φs

J˜(k) J˜1(k) C˜(k)
j˜1
oo
where
• φ0 is an isomorphism of abstrat abelian groups;
• φ1 is an isomorphism of homogeneous spaes, ompatible with φ0;
• the restrition φs : C(k)→ C˜(k) of φ1 is a bijetion of sets.
Our main result is:
Theorem 1.2. Let k = F¯p, with p ≥ 3, and let C, C˜ be smooth projetive urves
over k of genus ≥ 2, with Jaobians J , resp. J˜ . Let
φ : (C, J)→ (C˜, J˜)
be an isomorphism of pairs. Then J and J˜ are isogenous.
Conjeture 1.3. Under the assumptions of Theorem 1.2, C and C˜ are isomorphi
as algebrai varieties, modulo Frobenius twisting.
There are examples of geometrially nonisomorphi urves over nite elds
with isomorphi Jaobians, as (unpolarized) algebrai varieties over k0. Pairs of
suh urves are given by
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y2 = (x3 + 1)(x3 − 1) and y2 = (x3 − 1)(x3 − 4)
over F11 with Jaobian E × E, for a supersingular ellipti urve E, or
y2 = x5 + x3 + x2 − x− 1 and y2 = x5 − x3 + x2 − x− 1
over F3, with a geometrially simple Jaobian (see [IKO86℄, [How96℄ and the
referenes therein).
Theorem 1.2 was motivated by Grothendiek's anabelian geometry. This is a
program relating algebrai fundamental groups of hyperboli varieties over arith-
meti elds to the underlying algebrai struture. One of the reent theorems in
this diretion is due to A. Tamagawa: Let Π be a nonabelian pronite group.
Then there are at most nitely many urves over k = F¯p with tame fundamental
group isomorphi to Π [Tam04℄. Tamagawa generalized previous results by Pop-
Saidi [PS03℄ and Raynaud [Ray02℄, who proved similar statements under some
tehnial restritions on urves. The main new ingredient in Tamagawa's proof is
a deliate geometri analysis of speial loi in Jaobians.
In the seond part of this paper, we apply Theorem 1.2 to a somewhat ortho-
gonal problem. Namely, we fous on the prime to p part of the abelianization of the
absolute Galois group of the funtion eld of the urve, together with the set of
valuation subgroups. Our main result (Theorem 9.3) is that for projetive urves
C over k, of genus g(C) > 4, the pair (GaK , I), onsisting of the abelianization
of the Galois group of K = k(C) and the set I = {Iν}ν of proyli subgroups
Iν ⊂ GaK orresponding to nontrivial valuations ofK, determines the isogeny lass
of the Jaobian of C.
Here is a road-map of the paper. In Setion 2, inluded as a motivation for
Conjeture 1.3, we disuss ertain subvarieties of moduli spaes of urves ut out
by onditions on the order of zero-yles of the form c− c′ on C in the group J(k)
(i.e., images of Hurwitz shemes and their intersetions). Typially, very few suh
onditions sue to determine C, up to a nite hoie. In Setion 3 we study the
formal automorphism group GC of the pair (C, J) and derive some of its basi
properties. In Setion 4 we ollet several group-theoreti results about pronite
groups whih we apply in Setion 5 to prove that any elements γ, γ˜ ∈ GC have
the property that some integral powers γn, γ˜n˜ ommute. We then prove that this
holds for the Frobenius endomorphisms φ0(Fr) and F˜r, as elements in Endk˜0(J˜),
whenever we have an isomorphism of pairs φ : (C, J) → (C˜, J˜). In Setion 6
we apply the theory of integer-valued linear reurrenes as in [CZ02℄ to obtain
a suient ondition for isogeny of abelian varieties. In Setion 7 we onstrut
towers of degree 2 eld extensions
k0 ⊂ . . . ⊂ kn . . . ⊂ k∞, resp. k˜0 ⊂ . . . ⊂ k˜n . . . ⊂ k˜∞,
provide set-theoreti intrinsi denitions of J(kn), resp. J˜(k˜n), and establish that
φ0(J(kn)) ⊂ J˜(k˜n), for all n.
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Combining Tate's theorem 1.1 with Theorem 6.3 we onlude that J and J˜ are
isogenous. In Setions 8 and 9 we disuss extensions and appliations of Theo-
rem 1.2 to anabelian geometry. In the Appendix we establish several geometri
fats on abelian subvarieties in speial loi in Jaobians, needed in Setion 9.
A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omments. The 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2. Curves and their moduli
Let C be an irreduible smooth projetive urve of genus g = g(C) > 1 over a
nite eld k0 of harateristi p, with C(k0) 6= ∅, and let J = JC be its Jaobian.
The Jaobian of degree 1 zero-yles J1 is a prinipal homogeneous spae for J .
For ℓ a prime number let
J{ℓ} := ∪n∈NJ [ℓn] ⊂ J(k), resp. Tℓ(J) = lim←−J [ℓ
n]
be the ℓ-primary part of J(k), resp. the Tate-module. For any set of primes S,
put
J{S} :=
⊕
ℓ∈S
J{ℓ} ⊂ J(k).
The order of x ∈ J(k) will be denoted by ord(x).
Lemma 2.1. Let C be a urve of genus g > 1. Let J be its Jaobian and a ∈ J(k)
be suh that
a+ C(k) ⊂ C(k) ⊂ J1(k).
Then a = 0.
Proof. Let 〈a〉 be the yli subgroup generated by a and let n be its order. The
translation by a gives an ation of 〈a〉 on J1 and a separable nonramied overing
C → C/〈a〉 of degree n. The quotient J¯ := J/〈a〉 ats on the orresponding
prinipal homogeneous spae J¯1 = J1/〈a〉. The image C¯ of C under the projetion
J1 → J¯1 has genus g¯ = g/n − 1/n + 1 < g, sine n ≥ 2 and g(C) ≥ 2. Hene
the Jaobian of C¯ is a proper abelian subvariety of J¯ , of dimension at most g¯.
It follows that the same holds for its preimage C, ontraditing the fat that C
generates J .
Denition 2.2. A ordered set Rn = {r1, . . . , rn} of integers rj > 1, with p ∤ rj for
all j, will be alled an n-string. Let J be an abelian variety over k and X ⊂ J(k).
A ordered subset {x0, x1, . . . , xn} ⊂ X will be alled an Rn-onguration on X if
rj = ord(xj − x0), for 1 ≤ j ≤ n.
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We will mostly onsider the ase when X = C(k) →֒ J(k), where C is a urve
of genus g = g(C) ≥ 1. Note that an isomorphism of pairs φ : (C, J) → (C˜, J˜)
preserves all ongurations, i.e., for all n ∈ N, every Rn-onguration in C(k) ⊂
J(k) is mapped to an Rn-onguration in C˜(k) ⊂ J˜(k).
Theorem 2.3. Let C be a urve over k = F¯p of genus g > 1. Then there exists a
string Rn, with n < 2g suh that
• C(k) ⊂ J(k) ontains an Rn-onguration,
• there exist at most nitely many nonisomorphi urves of genus g ontain-
ing an Rn-onguration, modulo Frobenius twists.
Proof. We write Mg,n for the moduli spae (stak) of genus g urves with n-
marked points. We start with the following
Lemma 2.4. Every string R1 denes an algebrai subvariety DR1,g ⊂ Mg,1 of
dimension 2g− 1 with a nite surjetion onto a subvariety of Mg.
Proof. Moduli omputation. The yle c1 − c0 of order m prime to p is the same
as a funtion f on C with divisor m(c1− c0). It denes a separable over C → P1
of degree m, whih is ompletely ramied over two points: 0,∞. The variety of
suh overs is a Hurwitz sheme, it is dened over Fp ⊂ k. The genus omputation
gives an upper bound of 2g for the number of additional ramiation points. Sine
there are only nitely many overs of xed degree with xed branh points in P1,
the dimension of the orresponding Hurwitz sheme is bounded by 2g − 1.
Remark 2.5. Over C, this Hurwitz sheme is irreduible and has dimension 2g−1.
The generi point of this sheme orresponds to a over with simple additional
ramiation points whose images are all distint.
The subvariety of Mg parametrizing urves with an Rn-onguration is on-
tained in the intersetion of varieties orresponding to ongurations of order 1
built from appropriate subsets of Rn.
We proeed by indution: Assume that C ontains an Rn-onguration
{c0, . . . , cn} ⊂ C(k) and let DRn ⊂ Mg,1 be a union of irreduible subvarieties
of dimension 2g− n− 1, orresponding to urves with suh a onguration, eah
having a nite map onto a subvariety of Mg. We will use Hrushovski's theorem
[Hru96℄ for the Jaobian bration of the universal urve over the funtion eld
of eah irreduible omponent D of DRr : the number of points of nite order
(oprime to p) on a nonisotrivial urve embedded into an abelian variety, over
a funtion eld of positive dimension, is bounded. In partiular, there exists an
Nn+1 suh that:
1. there is a point cn+1 with cn+1 − c0 of order Nn+1,
2. the subvariety of D parametrizing urves with a torsion point of order
Nr+1 is a proper subvariety.
Iterating this, in at most 2g−1 steps we obtain a string R and a zero-dimensional
variety D suh that C(k) ontains an R-onguration whih distinguishes C from
all but nitely many other genus g urves over k.
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Note that the presene of a given onguration is invariant under Galois
automorphisms. Sine the subvarieties D ⊂ Mg,1 are dened over k0 we obtain
in the end a subset of k0-points in Mg,1.
Theorem 2.3 is far from optimal. If we assume that c0 is dened over k0 and
c1 over an extension of k0 than the Galois onjugate of c1−c0 has the same order,
so that the orresponding point in the image of the Hurwitz sheme in Mg,1 is
singular and, moreover, nonnormal.
We have dimMg,1 = 3g− 2 and codimDn = g − 1. If the varieties Dn inter-
seted with orret odimensions then a 3-onguration would give a subvariety
of dimension 1 in Mg,1 and a 4-onguration - a zero-dimensional subvariety in
Mg,1.
By generi loal omputations, the dimension of double and triple interse-
tions of Hurwitz shemes orresponding to 1-strings with oprime entries should
be at most the dimension of a transversal intersetion of varieties of the same
dimension. Thus we expet that a triple intersetion has dimension 1, and that
quadruple intersetions have dimension 0.
Conjeture 2.6. For any urve C of genus g(C) ≥ 2 there exist a string R4 and an
R4-onguration on C suh that all urves C˜ with an R4-onguration on C˜ real-
izing the R4-string are Galois onjugated to C. Moreover, all suh ongurations
on C are also Galois onjugated.
Clearly, this would imply a strong version of Conjeture 1.3.
Remark 2.7. Consider R3 = {2, 3}. Transversality would give 3g−2−(2g−2) = g
in this ase. However, the orresponding intersetion is trivial.
Indeed, in general the set of solutions nc0 = nc is trivial for odd n ≤ g − 1,
and a point c0 invariant under a hyperellipti involution. For n ≤ g − 1 and n
even the point c is always invariant under a hyperellipti involution.
In fat, we have a supertransversality for these Hurwitz shemes.
Proposition 2.8. Let r1, r
′
1 be oprime integers. Let R1 = {r1} and R′1 = {r′1} be
the orresponding 1-strings and Z := DR1,g ∩ DR′1,g ⊂ Mg,1 the intersetion of
the assoiated Hurwitz shemes. Then Z = ∅, provided g ≥ (r1 − 1)(r′1 − 1)/2.
Proof. The oprimality ondition implies that the pair of funtions (fr1 , fr′1), with
divisors r1(c1 − c0), resp. r′1(c′1 − c0), realizing the onguration, gives a map
C → P1 × P1, birational onto its image. The family of suh urves in P1 × P1 is
algebrai. Hene g(C) ≤ (r1 − 1)(r′1 − 1)/2. A smooth urve in the family has
genus g = (C(C +K)/2) + 1 (where K = KP1×P1 is the anonial lass) whih
gives
(r1H+r
′
1H
′)((r′1−2)H+(r′1−2)H ′) = (2r1r′1−2r1−2r′1)/2+1 = (r1−1)(r′1−1).
The image of C in P1×P1 has a singularity in the image of c0, the same singularity
as the rational urve (tr1 , tr
′
1). This rational urve has the same homology lass
as C and has exatly two equivalent singularities, at (0, 0) and at (∞,∞). Thus
7
if (r1 − 1)(r′1 − 1)− 2δ(r1, r′1) = 0 then the defet of the singularity is δ(r1, r′1) =
(r1 − 1)(r′1 − 1)/2, whih gives a lower bound for the defet for C. Hene g(C) ≤
(r1 − 1)(r′1 − 1)/2.
Conjeture 2.9. Let fr1 , fr′1, fr′′1 ∈ k(C) be funtions as above and λ ∈ k∗ \ {1}.
Assume that there are four points c0, c1, c2, c3 ∈ C(k) suh that
div(fr1) = r1(c0 − c1)
div(fr′
1
) = r′1(c0 − c2)
div(f ′′r1) = r
′′
1 (c0 − c3)
and suh that
fr1(c2) = 1 and fr1(c3) = λ.
Then there are only nitely many urves C˜ with the same property.
This would imply that the 3-point sheme intersetion
DR1,g ∩DR′1,g ∩ DR′′1 ,g ⊂Mg,1
has dimension at most 1, and onsequently the niteness part of Conjeture 2.6.
We don't know whether or not this intersetion is irreduible. We would expet
it at least for suiently large oprime r1, r
′
1, r
′′
1 .
3. Formal automorphisms
Let A be an abelian variety, A1 a prinipal homogeneous spae for A and X ⊂ A1
a subvariety not preserved by the ation of an abelian subvariety of A of positive
dimension.
Lemma 3.1. The subgroup
StabX := {a ∈ A(k) | a+X(k) ⊂ X(k)}
is nite.
Proof. See, e.g., [Abr94℄.
Let Aut(A) be the group of automorphisms of the torsion abelian group A(k).
Note that Aut(A) is a pronite group sine all of its orbits in A(k) are nite. In
fat, we have
Aut(A) = Aut(A)p ×
∏
ℓ 6=p
GL2d(Zℓ),
with d = dimA and Aut(A)p = GLn(Zp), where n is the rank of the étale p-
subgroup of A(k).
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The group Aut(A) has a split ane extension
1→ A(k)→ Aut(A)aff → Aut(A)→ 1 (2)
whih ats on A1(k). Sine A(k) is a disrete group, Aut(A)aff arries a natural
topology. Let
GX := {γ ∈ Aut(A)aff | γ(X(k)) ⊆ X(k) ⊂ A1(k)}
be the subgroup preserving X(k). We all GX the group of automorphisms of the
pair (X,A).
Lemma 3.2. The group GX is losed in the topologial group Aut(A)
aff
. Its pro-
jetion to Aut(A) has nite kernel.
Proof. Choose a point x ∈ X(k) ⊂ A1(k) and let Aut(A)x ⊂ Aut(A)aff be a
setion of the projetion in (2) of automorphisms xing x. With this hoie, we
may assume that X ⊂ A. We laim that the subgroup GX ∩ Aut(A)x has nite
index in GX , for all x ∈ X , and that its image in Aut(A)x is losed in the pronite
topology.
For eah α ∈ A(k) the stabilizer Gα ⊂ GX has nite index sine the order of
α is unhanged under an automorphism of X . Note that GX ats on the subgroup
of A(k) generated by zero-yles with support in X(k). Consider the map
X ×X → A
(x, x′) 7→ x− x′,
hoose an α ∈ A(k) whose preimage in X × X is nonempty and of minimal
dimension and let Xα be the projetion of this preimage to the rst fator. Note
that the stabilizer Gα preserves Xα(k) and that for dimension reasons dimXα <
dimX . Thus we an assume that Gα maps to GXα . If dimXα = 0 then GX ∩
Aut(A)x has nite index in Gα (and hene in GX ) for any x ∈ Xα(k). There are
two possibilities:
1. Xα is not preserved by the ation of a nontrivial proper abelian subvariety
of A,
2. Xα is preserved by the ation of a nontrivial proper abelian subvariety
Bα ⊂ A.
In the rst ase we use indution on dimension: if dimXα > 0 then, by the
indutive assumption, we an nd an x ∈ Xα(k) with GXα ∩ Aut(A)x having
nite index in GXα . The preimage of GXα ∩ Aut(A)x in Gα has also nite index
in GX and we obtain the result.
In the seond ase, GXα ontains Bα(k) as a subgroup and GXα/Bα(k) has
a subgroup of nite index GXα/Bα(k) ∩ Aut(A)x′ , by the indutive assumption.
Thus GX ontains a subgroupGBα+x′x of nite index. Consider other subvarieties
GX′α . Then either there exists an X
′
α whih is not preserved by the ation of
an abelian subvariety and we an apply the previous argument to nd a point
x ∈ X ′α(k) or there is a nontrivial B suh that all Xα are preserved by the ation
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of B. Sine the union of all Xα of minimal nonzero dimension forms an open
subset of X we obtain that X is preserved by the ation of B, ontraditing our
assumption. Thus we an nd at least one x ∈ X(k) with GX ∩Aut(A)x of nite
index in GX . Note that for other x
′ ∈ X we have
GX ∩ Aut(A)x ∩ Aut(A)x′ = GX ∩ Aut(A)x ∩Gx−x′
and hene it has nite index in GX . It follows that GX ∩Aut(A)x′ also has nite
index in GX , for any x
′ ∈ X(k).
Thus the orbit GX · x is nite. The stabilizer of x in GX has nite index and
lies in Aut(A)x. It remains to observe that the stabilizer is losed in Aut(X)x,
using the same argument.
Lemma 2.1 implies immediately that the projetion has nite kernel.
Remark 3.3. The group GX always ontains the proyli subgroup Zˆ generated
by a Frobenius automorphism, and its extension by a nite group of algebrai
automorphisms of the pair (X,A).
Proposition 3.4. Let A be an abelian variety of dimension d and X ⊂ A1 a
subvariety. Let GX be the group of automorphisms of the pair (X,A). Let
ψ =
∏
ℓ 6=p
ψℓ : GX →
∏
ℓ 6=p
GL2d(Zℓ)
be the orresponding homomorphism. Then, for all γ ∈ GX , γ 6= 1, there are
innitely many ℓ suh that ψℓ(γ) 6= 1.
Proof. Assume the ontrary. Then there is a nite set of primes S and a projetion
X → A{S} suh that γ ats trivially on the bers. Let y ∈ A{S} be suh that
y 6= γ(y) and let Xy be the preimage of y in X . Then γ(Xy) = Xγ(y). Moreover,
Xγ(y) = Xy + γ(x) − x. Thus Xγ(y) ⊂ X ∩ (X + γ(x) − x). On the other hand,
X ∩ (X + γ(x)− x) is a proper subvariety of smaller dimension.
However, the number of points in X and Xy is the same for nite elds over
whih the points from A{S} are not dened, and the number of suh elds is
innite. Contradition.
Denition 3.5. A homomorphism of abelian groups φ0 : A(k)→ A(k) is alled a
formal isogeny if it arises from a sequene {φ0i } of algebrai isogenies φ0i : A→ A,
with the property that for all nite subgroups G ⊂ A(k), there exists an n(G) ∈ N
suh that φ0i |G = φ0i′ |G, for all i, i′ ≥ n(G).
An example is a Zˆ∗-power of the Frobenius endomorphism Fr ∈ Endk0(A).
Proposition 3.6. Let (X,A) be a pair as in Proposition 3.4 and let γ ∈ GX be an
element whih ommutes with the Frobenius ation. Then γ is a formal isogeny.
Proof. By Tate's theorem 1.1, Endk0(A)⊗Zℓ is equal to the entralizer of Frobe-
nius in End(Tℓ). By assumption, the redution of ψℓ(γ) is in this entralizer, mod-
ulo any nite power of ℓ. Thus it is approximated by elements in Endk0(A), on
every nite subgroup of A(k).
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4. Group-theoreti bakground
In this setion we ollet some group-theoreti fats whih will be needed in the
proof of Theorem 5.13 - assuring that the Frobenius endomorphisms in Endk(J) =
Endk(J˜) ommute.
Lemma 4.1. Let ℓ > n+ 1 be a prime and G ⊂ GLn(Zℓ) a losed subgroup with
an abelian ℓ-Sylow subgroup. Assume further that G is generated by its ℓ-Sylow
subgroups. Then G is abelian.
Proof. Sine ℓ > n + 1, the group G does not ontain elements of nite ℓ-order.
Indeed, assume that γ ∈ GLn(Zℓ) has order ℓ. Then it generates a subalgebra of
the matrix algebra whih ontains a subeld Qℓ(
ℓ
√
1), whih has dimension ℓ− 1
over Qℓ, and has to embed into the natural representation spae Qnℓ . This implies
that ℓ ≤ n+ 1.
Consider the redution homomorphism
ψ¯ℓ : G→ GLn(Z/ℓ).
The preimageG0 = ψ¯−1ℓ (1) of the identity in GLn(Z/ℓ) is a normal pro-ℓ subgroup.
In partiular, G0 is ontained in every ℓ-Sylow subgroup of G. Hene G0 is abelian
and torsion-free, i.e., G0 ≃ Zrℓ , for some r ∈ N.
Step 1. Sine G is generated by its ℓ-Sylow subgroups, whih are abelian, and
G0 is ontained in all these subgroups, G0 ommutes with all elements of G. Let
G′0 be the ℓ-omponent of the enter of G. It is a torsion free group isomorphi
to Zrℓ and ontaining G0 as a subgroup of nite index.
Thus G is a entral extension
1→ G′0 → G→ G′ → 1 (3)
where G′ is a nite group.
Step 2. This entral extension is dened by an element γ ⊂ H2(G′,Zℓ),
whih has nite order sine G′ is nite. Hene γ is the image of an element
from H1(G′,Z/ℓm) for some m ∈ N, under the Bokstein homomorphism. This
means that the orresponding entral extension is indued from a homomorphism
G′ → (Z/ℓm)r, i.e., we have a ommutative diagram
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G˜
G˜

1 // G′0

// G //
f

G′ //

1
1 // Zrℓ // Z
r
ℓ

// (Z/ℓm)r

// 1
1 1 ,
where G˜ = Ker(f) is a nite normal subgroup of G.
Step 3. Sine G has no ℓ-torsion, G˜ has order oprime to ℓ. It follows that f
admits a setion σ : Zrℓ → G.
Step 4. We laim that Zrℓ ats trivially on G˜ and that the extension
1→ G˜→ G f→ Zrℓ → 1
splits.
Let g ∈ GLn(Zℓ) be an element of innite ℓ-order (i.e., all redutions
ψ¯ℓm(g) ∈ GLn(Z/ℓm) are of nontrivial ℓ-power order). Consider an element
h ∈ G ⊂ GLn(Zℓ) of nite order. Assume that gℓ ommutes with h. Then g
ommutes with h.
We have g = gsgu where gs is semi-simple, gu is unipotent, and gs, gu om-
mute. If an element h ∈ GLn(Zℓ) has nite order and ommutes with g then it om-
mutes with gs and gu. Note that g
ℓ
u = (gu)
ℓ
and that they have the same ommu-
tators. Thus we an assume g = gs. In this ase the algebra Qℓ[g] ⊂Matn×n(Qℓ)
is a diret sum of elds K
(g)
i (nite extensions of Qℓ).
The subalgebra in Matn×n(Qℓ) of elements ommuting with h is a diret sum
of matrix algebras over division algebras with enters K
(g)
i . We have a natural
embedding of algebras Qℓ[gℓ] ⊆ Qℓ[g]. If this embedding is an isomorphism then
h ommutes with g. Otherwise, there is a proper subeld K
(gℓ)
i ⊂ K(g)i , whih
does not ontain the projetion of g to this omponent of the matrix algebra.
Sine it ontains gℓ, the orresponding extension has degree ℓ, ontraditing the
assumption that ℓ > n.
Step 5. Sine G is generated by its ℓ-Sylow subgroups and all elements of G˜
ommute with Zrℓ , it follows that G˜ = 1 and G = Z
r
ℓ .
Lemma 4.2. Let H′ → H be a surjetive homomorphism of nite groups. Assume
that we have an exat sequene
1→ Sℓ → H→ C→ 1
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where Sℓ is a nontrivial normal ℓ-subgroup of H, C is a yli group whose order
is a power of a prime number 6= ℓ.
Then there is an ℓ-Sylow subgroup S′ℓ ⊂ H′ suh that
• S′ℓ surjets onto Sℓ,
• the normalizer N′ of S′ℓ in H′ surjets onto H.
In partiular, there exists an element h′ ∈ N′ of order oprime to ℓ whih surjets
onto a generator of C.
Proof. All ℓ-Sylow subgroups of H′ surjet onto Sℓ. Hene they generate a proper
normal subgroup S′ ⊂ H′ whih surjets onto Sℓ. Any h′ ∈ H′ ats (by onjugation)
on the set S(H′) of ℓ-Sylow subgroups of H′.
Sine S′ ats transitively on S(H′) there exists an element s′ ∈ S′ suh that
h′s′ ats with a xed point on S(H′). Let S˜′ be an ℓ-Sylow subgroup preserved
by h′s′. The normalizer N′ of S˜′ surjets onto H. In partiular, we an nd an
element h˜′ ontained in this normalizer, of order oprime to ℓ, whih is mapped
to a generator of C.
Let H be a nite group and ℓ, p two distint primes. We say that H ontains
an (ℓ, pm)-extension {s ∈ Sℓ, n ∈ N} if the following holds:
• Sℓ ⊂ H is an ℓ-Sylow subgroup,
• N ⊂ H is a subgroup ontaining Sℓ as a normal subgroup,
• the quotient C := N/Sℓ is a yli group of order pm+1,
• n ∈ N projets onto a generator of C,
• s ∈ Sℓ satises [s, npm ] 6= 1 in Sℓ.
Corollary 4.3. Let π : H′ → H be a surjetive homomorphism of nite groups.
Assume that H ontains an (ℓ, pm)-extension {s ∈ Sℓ, n ∈ N}. Then H′ ontains
an (ℓ, pm
′
)-extension {s′ ∈ S′ℓ, n′ ∈ N′}. Moreover,
• m′ ≥ m,
• π(S′ℓ) = Sℓ,
• π(s′) = s,
• π(n′) = n.
Proof. We start with the exat sequene
1→ Sℓ → N→ C→ 1. (4)
The full preimage of N in H′ ontains an ℓ-Sylow subgroup S′ℓ of H
′
. By Lemma 4.2,
the normalizer of S′ℓ in H
′
ontains an element n′ of order oprime to ℓ suh that
π(n′) = n, surjeting onto a generator of C. We may orret n′ suh that its
order beomes a power of p. It is divisible by the order of C, i.e., it equals pm
′+1
,
with m′ > m. Let N′ ⊂ H′ be the subgroup generated by S′ℓ and n′. Take s′ to
be any element in the preimage π−1(s). Then {s′ ∈ S′ℓ, n′ ∈ N′} is the required
(ℓ, pm
′
)-extension.
Let G be a semi-simple linear algebrai group over Z. We will use the following
generalization of a theorem of Jordan:
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Theorem 4.4. Let k0 be a eld with q = p
r
elements. There exists an n = n(G) ∈ N
suh that every subgroup G ⊂ G(k0) with p ∤ |G| ontains an abelian normal
subgroup H ⊂ G with |G/H | ≤ n.
Further, there exists an ℓ0 = ℓ0(G) suh that for all primes ℓ
′
and all primes
ℓ ≥ ℓ0 with ℓ 6= ℓ′, the ℓ-Sylow subgroups of G(Z/ℓ′) and G(Zℓ′) are abelian.
Proof. See [BF66℄, [Wei84℄.
Proposition 4.5. Let G be a pronite group. Let S be an innite set of primes.
Assume that G admits a ontinuous homomorphism
ψ =
∏
ℓ∈S
ψℓ : G→
∏
ℓ∈S
G(Zℓ).
Assume that for all γ ∈ G, γ 6= 1 one has
ψℓ(γ) 6= 1 ∈ G(Zℓ) (5)
for innitely many ℓ ∈ S (i.e., γ has innite support). Then
1. the indued redution map
ψ¯ :=
∏
ℓ∈S
ψ¯ℓ : G→
∏
ℓ∈S
G(Z/ℓ)
is injetive;
2. there exists an ℓ0 = ℓ0(G) suh that for all primes ℓ > ℓ0 the ℓ-Sylow
subgroup of G is abelian;
3. there exist a normal losed abelian subgroup H ⊂ G and an n = n(G) suh
that G/H has exponent bounded by n, i.e., the order of every element in
G/H is bounded by n.
Proof. Put
Kℓ := Ker(G(Zℓ)→ G(Z/ℓ)).
We have an exat sequene
1→
∏
ℓ∈S
Kℓ →
∏
ℓ∈S
G(Zℓ)→
∏
ℓ∈S
G(Z/ℓ)→ 1
Our assumption implies that ψ is injetive, and we get an injetion of the kernel
of the redution Ker(ψ¯) →֒ ∏ℓ∈S Kℓ. If we had a nontrivial γ ∈ Ker(ψ¯), its
image ψ(γ) would generate a nontrivial losed proyli subgroup isomorphi to∏
ℓ′∈S′ Zℓ′ ⊂
∏
ℓ∈SKℓ, for some innite set S
′ ⊂ S. Thus, there would exist a
nontrivial element γℓ′ ∈ Ker(ψ¯) suh that ψℓ(γℓ′) = 1 for all ℓ 6= ℓ′, ontraditing
our assumption. This proves the rst laim.
The seond laim follows by ombining the injetivity of
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∏ℓ′∈S\ℓ
ψℓ : G→
∏
ℓ′∈S\ℓ
G(Z/ℓ′)
with Theorem 4.4.
From now on, we assume that ℓ > ℓ0 so that the ℓ-Sylow subgroup of G is
abelian.
Lemma 4.6. There exists a onstant κ = κ(G) suh that for all ℓ > ℓ0, there exists
a normal abelian subgroup Zℓ ⊂ ψ¯ℓ(G) of index
[ψ¯ℓ(G) : Zℓ] ≤ κ.
Proof. If the image ψ¯ℓ(G) ⊂ G(Z/ℓ) does not ontain elements of order ℓ we an
diretly apply Theorem 4.4 to onlude that ψ¯ℓ(G) ontains a normal abelian
subgroup of index κ(G) = n(G).
We may now assume that the image does ontain elements of order ℓ. We
laim that there do not exist γ, γ′ ∈ G suh that
• ψ¯ℓ(γ), ψ¯ℓ(γ) have ℓ-power order and
• ψ¯ℓ(γ), ψ¯ℓ(γ) do not ommute in G(Z/ℓ).
Otherwise, both ψℓ(γ) and ψℓ(γ
′) are ontained in some ℓ-Sylow subgroups of
G(Zℓ), whih are both abelian, by the assumption ℓ > ℓ0. By Lemma 4.1, the
subgroup of G(Zℓ) generated by these ℓ-Sylow subgroups is abelian, ontraditing
the seond assumption.
If follows that all elements of ℓ-power order in ψ¯ℓ(G) ommute, so that the
group S¯ℓ generated by them is in fat the ℓ-Sylow subgroup of ψ¯ℓ(G). It is abelian
and normal. Consider the exat sequene
1→ S¯ℓ → ψ¯ℓ(G)→ Uℓ → 1 (6)
where Uℓ := ψ¯ℓ(G)/S¯ℓ. Sine ℓ ∤ |Uℓ| the sequene (6) admits a setion and there
is an embedding
Uℓ →֒ ψ¯ℓ(G) ⊂ G(Z/ℓ).
We apply Theorem 4.4 to onlude that Uℓ has an abelian normal subgroup
Aℓ ⊂ Uℓ with |Uℓ/Aℓ| ≤ n(G). We have the diagram
1 // S¯ℓ // ψ¯ℓ(G) // Uℓ // 1
1 // S¯ℓ // Hℓ //
OO
Aℓ
OO
// 1
where Hℓ is the full preimage of Aℓ in ψ¯ℓ(G). It is a normal subgroup of ψ¯ℓ(G)
with
|ψ¯ℓ(G)/Hℓ| = |Uℓ/Aℓ| ≤ n(G).
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Let Zℓ ⊂ Hℓ be the entralizer of S¯ℓ, it is a normal abelian subgroup of Hℓ.
Lemma 4.6 follows if we show that the index [Hℓ : Zℓ] is bounded independently
of ℓ.
There is a setion
σ : Aℓ → ψ¯ℓ(G) ⊂ G(Z/ℓ).
In partiular, the nite abelian group Aℓ has at most n := rank(G) generators.
Consider the onjugation ation of Aℓ on S¯ℓ. For a ∈ Aℓ let C(a) be the yli
subgroup generated by the image of a in the group of outer automorphisms of S¯ℓ.
It sues to show that for eah of the ≤ n generators of Aℓ the order |C(a)| is
bounded independently of ℓ and a.
Let Cp(a) ⊂ C(a) be the p-Sylow yli subgroup, with pm+1 = |Cp(a)|. We
have an extension of abelian groups
1→ S¯ℓ → Nℓ → Cp(a)→ 1. (7)
We laim that the length of the orbits of c ∈ Cp(a) on S¯ℓ is universally bounded,
provided that q := pm and ℓ are suiently large. More preisely, we have:
Lemma 4.7. There exists a onstant n′ = n′(G) suh that for all a ∈ Aℓ, all s ∈ S¯ℓ
and all generators c of Cp(a) the ommutator
[s, cq] = 1,
provided ℓ, q := pm ≥ n′.
Proof. We will argue by ontradition. We have
G = lim←−
i
Gi, where Gi :=
i∏
j=1
ψ¯ℓj (G),
{ℓ1, ℓ2, . . .} is the set of primes, with ℓ1 = ℓ, and the maps πi : Gi+1 → Gn are
the natural projetions. Assume that
[s, cq] = s′ 6= 1 in S¯ℓ. (8)
We apply Corollary 4.3 indutively to onlude that eah of the groups Gi
has an (ℓ, pmi)-extension
{si ∈ Sℓ,i, ni ∈ Ni}.
More preisely, there is a sequene of groups Sℓ,i ⊂ Gi and elements si, ni ∈ Gn
with the following properties:
• Sℓ,i is an ℓ-Sylow subgroup of Gi,
• si ∈ Sℓ,i
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• ni is in the normalizer of Sℓ,i,
• ni has order pmi with mi ≥ m,
• [si, np
mi
i ] 6= 1,
• πi(Sℓ,i+1) = Sℓ,i, πi+1(si+1) = si, πi(ii+1) = ni, for all i.
The orresponding limits
γs = lim←− si, γc = lim←− ci ∈ G
have innite support and don't ommute. Thus there exists a prime number r >
ℓ, q (and ℓ0(G)) suh that
[ψ¯r(γs), ψ¯r(γc)] 6= 1.
Let i be suiently large so that the prime r is among the primes ℓ1, . . . , ℓi. There
is a natural projetion
ψ¯r : Gi → ψ¯r(G) ⊂ G(Z/r).
The ℓ-Sylow subgroup Sℓ,i surjets onto the ℓ-Sylow subgroup of ψ¯r(G), whih is
abelian by Theorem 4.4. Let
N¯r ⊂ ψ¯r(G) ⊂ G(Z/r)
be the nonabelian group generated by ψ¯r(γs) and ψ¯r(γn), i.e., by ψ¯r(si) and ψ¯r(ni).
It ts into an exat sequene
1→ S¯ℓ,r → N¯r → A¯r → 1,
where S¯ℓ,r is an abelian group of ℓ-power order, A¯r a yli abelian group of order
divisible by pm+1, p 6= ℓ.
Sine r ∤ |N¯r| we an apply Theorem 4.4: Any subgroup of G(Z/r) of order
oprime to r has a normal abelian subgroup of index bounded by some onstant
n(G). However, any abelian normal subgroup of N¯r has index ≥ min(ℓ, q). We
obtain a ontradition, when ℓ and q are ≥ n(G).
This nishes the proof of Lemma 4.6.
We omplete the proof of Proposition 4.5. Indeed, put
H¯ :=
∏
ℓ∈S
(
ψ¯ℓ(G) ∩ Zℓ
) ⊂
∏
ℓ∈S
G(Z/ℓ).
This is an losed abelian normal subgroup of ψ(G) =
∏
ℓ∈S ψ¯ℓ(G). Sine ψ is
an injetion, the preimage H := ψ−1(H¯) is a losed abelian normal subgroup of
G. By Lemma 4.6, [ψ¯ℓ(G) : Zℓ] ≤ κ, for all ℓ, the quotient G/H has exponent
bounded by κ.
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5. Curves and their Jaobians
Let C be a smooth projetive urve of genus g ≥ 2 over a eld k and Jn the
Jaobian of degree n zero-yles, or alternatively, degree n line bundles on C,
with the onvention J = J0. We have the diagram
Cn
σn
// C(n)
ϕn

Jn.
For any eld k0 we denote by C
(n)(k0) the set of k0-points of the variety C
(n)
, i.e.,
the set of eetive yles c1+. . .+cn dened over k0. We write C(k0)
(n) ⊂ C(n)(k0)
for the subset of yles c1 + . . .+ cn where eah ci is dened over k0. Put
W rn(C) := {[L] ∈ Jn | dimH0(C,L) ≥ r + 1}, Wn(C) :=W 0n(C).
The map ϕn is surjetive for n ≥ g. For n = g there is a divisor D ⊂ J suh
that for all x ∈ J(k)\D(k), the ber ϕ−1n (x) onsists of one point. For n ≥ 2g−1,
the map ϕn is a Pn−g-bundle.
We may x a point c0 ∈ C(k0) and the embedding
C →֒ J
c 7→ [c− c0].
This allows us to identify Jn and J .
Lemma 5.1. Consider the exat sequene
1→ Znℓ → Qnℓ → (Qℓ/Zℓ)n → 1.
Let M ∈ End(Zℓ) be an endomorphism whih is ontained in GLn(Qℓ). Consider
the indued ation
M : (Qℓ/Zℓ)
n → (Qℓ/Zℓ)n,
and let Ker(M) be the kernel of this map. Then there is a anonial isomorphism
Znℓ /M(Z
n
ℓ ) ≃ ker(M).
Proof. Consider the moduleM−1(Znℓ )/Z
n
ℓ as a submodule of (Qℓ/Zℓ)
n
. It is equal
to Ker(M). On the other hand, M indues an isomorphism
M−1(Znℓ )/Z
n
ℓ ≃ Znℓ /M(Znℓ ).
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The following lemma will be used in Setion 7.
Lemma 5.2. Fix a prime number ℓ 6= p and assume that J(k0) ⊃ J [ℓ]. Let k1/k0
be a degree ℓ-extension. Then
• 1ℓJ(k0) ⊂ J(k1),• J{ℓ} ∩ J(k1) = 1ℓJ(k0) ∩ J{ℓ}.
Proof. Let Fr be the k0-Frobenius automorphism of k. Its ation on the Galois-
module Vℓ = Vℓ(J) is semi-simple, and deomposes Vℓ = ⊕iKi, where Ki/Qℓ are
nite extensions. Note that the eigenvalues of the Frobenius on Vℓ are not roots
of 1 and hene Frn − 1 is always an invertible endomorphism of Vℓ. The Tate-
module Tℓ := Tℓ(J) ontains a submodule T
′
ℓ of nite index whih is preserved
by the Galois-ation and deomposes as T ′ℓ = ⊕ioi, where oi ⊂ Ki are the rings
of integers. The maximal ideal of oi will be denoted by mi.
The Frobenius ats on oi via multipliation with a unit ai ∈ o∗i . By as-
sumption, it ats trivially on J [ℓ]. Sine every oi is isomorphi to a primitive
Fr-submodule of Tℓ we have ai = 1 mod ℓ, for all i, where (ℓ) ⊂ oi is a power of
the maximal ideal mi. We an write
ai = 1 + ℓ
mi̟hi for mi, hi ∈ N,
where ̟i is a generator of mi, and the ideal (̟
hi) ⊃ (ℓ). It follows that
aℓi = 1 + ℓ
mi+1̟hi mod ℓmi+1̟hi+1. (9)
Consider the ltration
(Frℓ − Id)T ′ℓ ⊂ (Fr − Id) ⊂ T ′ℓ
and a similar ltration
(Frℓ − Id)Tℓ ⊂ (Fr− Id) ⊂ Tℓ.
Observe that
|(Fr − Id)Tℓ/(Frℓ − Id)Tℓ| = |(Fr − Id)T ′ℓ/(Frℓ − Id)T ′ℓ| = ℓ2g,
where the rst equality follows from the fat that T ′ℓ ⊂ Tℓ is a submodule of nite
index, and the seond assertion follows from Equation 9. From the exat sequene
1→ Tℓ → Vℓ → J{ℓ} → 1
we observe that (Fr−1)Tℓ/(Frℓ−1)Tℓ is anonially isomorphi to J{ℓ}Frℓ/J{ℓ}Fr,
by Lemma 5.1. Note that J{ℓ}Frℓ ontains 1ℓJ{ℓ}Fr. Indeed, by our assumption
J [ℓ] ⊂ J{ℓ}Fr. If x ∈ J{ℓ}Fr then ℓFr(xℓ ) = x and hene Fr(xℓ ) = xℓ + x0, where
ℓx0 = 0, so that x0 ∈ J [ℓ]. Iterating, we obtain that
Frℓ(
x
ℓ
) =
x
ℓ
+ ℓx0 =
x
ℓ
, and
x
ℓ
∈ J{ℓ}Frℓ .
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It follows that J{ℓ}Frℓ/J{ℓ}Fr ontains a subgroup isomorphi to (Z/ℓ)2g. This
implies the seond laim of the lemma. The rst follows via the same argument
applied to arbitrary x ∈ J(k0).
Lemma 5.3. For n ≥ 2g−1, a eld k0 suh that #k0 is suiently large, any nite
extension k1/k0 and any point x ∈ J(k1) there exist points y, z ∈ Pn−g(k1) =
ϕ−1n (x) suh that the ber σ
−1
n (y) is irreduible as a yle over k1 and σ
−1
n (z) is
ompletely reduible over k1.
Proof. Follows from the equidistribution theorem [Kat02℄, Theorem 9.4.4.
Corollary 5.4. We have
J(k) = ∪Φ∈Endk(J)Φ(C(k)),
and in fat
J(k) = ∪n∈N n · C(k). (10)
Moreover, there exists a nite extension k′0/k0 suh that C(k1) generates J(k1),
for all nite extensions k1/k
′
0.
Proof. The existene of a y as in Lemma 5.3 implies the rst statement (see
[BT05b℄, Corollary 2.4, and [BT05a℄, Theorem 1). The seond follows from the
existene of z.
It will be useful to be able to bound indies of subgroups in J(k1) generated
by fewer points from C(k1). Assume that k1/k0 is a nite extension with #k1 = q
and suh that C(k1) generates J(k1). Write
#J(k1) = q
g(1 + ∆q) and #C(k1) = q(1 + δq)
We know that ∆q, δq = O(
1√
q ), the implied onstant depending only on the genus
g(C). We may assume that q is suh that
|∆q|, |δq| ≤ 1/2. (11)
Lemma 5.5. Let D ⊂ C(k1) be a subset of points suh that
D/#C(k1) ≤ ǫq.
Let H ⊂ J(k1) be the subgroup generated by points in C(k1) \D. Then
I := |J(k1)/H | ≤ (2g − 1)!g2
2g−1
(1− ǫq)2g−1 .
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Proof. We have
#H =
qg(1 + ∆q)
I
.
Observe that
#(C(k1) \D)2g−1 = 1
(2g − 1)!q
2g−1(1 + δq)2g−1(1− ǫ1)2g−1.
On the other hand, C(2g−1) → J1 is a split projetive bundle of relative dimension
g − 1. This implies that
1
(2g− 1)!q
2g−1(1 + δq)2g−1(1 − ǫq)2g−1 ≤ q
g(1 + ∆q)
I
· q
g − 1
q − 1 .
Using the bound (11), we obtain
I <
(2g − 1)!g
((1 + δq)(1 − ǫq))2g−1 .
Reall that the Galois group Γ := Gal(k/k0) is isomorphi to Zˆ =
∏
ℓ Zℓ
and is topologially generated by the Frobenius automorphism Fr. For a nite
set of primes S let kS ⊂ k be the xed eld of ΓS :=
∏
ℓ/∈S Zℓ; the Galois group
of the (innite) extension kS/k0 is
∏
ℓ∈S Zℓ. Note that J{S} ⊂ J(kS) and that
C(kS) ⊂ J(kS) is innite. We have a natural projetion map
λS : C(k)→ J(k)→ J{S},
(depending on the hoie of c0).
Theorem 5.6. Let S be a nite set of primes. Then
• the set C(k) ∩ J{S} is nite;
• the map λS : C(kS)→ J{S} is surjetive with innite bers.
Proof. The rst statement is due to Boxall [Box92℄. The seond was proved in
[BT05a℄.
Remark 5.7. Boxall's theorem an be proved using the following statement. Let
Γ ≃ Zℓ ⊂ GLn(Zℓ) be an analyti semi-simple subgroup suh that for all F ∈ Γ
one has F − 1 ∈ GLn(Qℓ). Consider the indued ation of Γ on the torsion group
(Qℓ/Zℓ)n. Then for allm ∈ N there is an r ∈ N suh that for all x with ord(x) > ℓr
the orbit of x ontains a translation of x by a yli subgroup of order > ℓn.
Remark 5.8. Theorem 5.6 admits a generalization: Let X ⊂ A be a proper sub-
variety of an abelian variety. If S is a nite set of primes and if the intersetion
Y := X(k) ∩∏ℓ∈S A{ℓ} is innite then
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Y ⊂ (∪i∈Ixi +Ai(k)) ⊂ X(k) ⊂ A(k),
where I is a nite set, Ai ⊂ A are abelian subvarieties and xi ∈ A(k) [Box92℄.
Note that for nite elds k0 with #k0 suiently large, the image of C(k0)
(g)
does not oinide with J(k0). Indeed, the number of Fq-points in C(Fq)(g) is
approximately equal to
qg
g!
< qg.
On the other hand, among innite extensions of k′/k0 we an easily nd some
with C(k′)(g) = J(k′).
Proposition 5.9. Let k0 be a nite eld with algebrai losure k, S the set of
primes ≤ g and ΓS =
∏
ℓ/∈S Zℓ ⊂ Gal(k/k0). Put k′ := kΓS . Then
C(k′)(g) = J(k′).
Proof. There exists a subvariety Y ⊂ J of odimension ≥ 2 suh that for all
x ∈ J(k) \ Y (k) there is a unique representation x = ∑gi=1 ci, with ci ∈ C(k),
modulo permutations.
Assume that x ∈ J(k′) \ Y (k′) and that its representation as a yle ontains
at least one ci /∈ C(k′). For any γ ∈ ΓS we have x =
∑g
1 γ(ci). If γ 6= 1, then the
size of any nontrivial orbit of γ is stritly greater than g. Thus there is more than
one representation of x as a sum of points in C(k), modulo permutations within
the yle. Contradition.
Assume that x ⊂ Y (k′). Consider the bration C(g) → J . The ber over x is
the projetive spae Pr, dened over k′, parametrizing all representations of x as a
sum of degree g zero-yles. There exists (c1, . . . , cg) ∈ C(g)(k′) with
∑g
i=1 ci = x.
We are done if ci ∈ C(k′), for all i. Otherwise, we an apply the argument above,
observing that ΓS preserves this yle.
Lemma 5.10. Let Jγ(k) ⊂ J(k) be the subgroup of elements xed by γ ∈ GC . If
C is not hyperellipti then
jγ : C(k) \ Cγ(k)→ J(k)/Jγ(k)
is an embedding of sets. If C is hyperellipti let
C[4] := { c ∈ C(k) | c ∈ J [4] and γ(c) = −c }.
Then
jγ : C(k) \ (Cγ(k) ∪ C[4])→ J(k)/Jγ(k)
is an embedding of sets.
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Proof. Assume there exist two points c, c′ ∈ C(k) with γ(c) 6= c and γ(c′) 6= c′ and
suh that jγ(c) = jγ(c
′). Then γ(c)−γ(c′) = c−c′ and hene γ(c)+c′ = c+γ(c′).
The yles γ(c)+ c′, c+ γ(c′) onsist of dierent points sine c′ 6= c, c′ 6= γ(c′), by
assumption. Thus γ(c) + c′ denes a hyperellipti penil and we have proved the
lemma for nonhyperellipti urves.
In the hyperellipti ase assume that the penil onsists of elements c,−c
(sine the penil is learly γ-invariant and belongs to Jγ). Thus c
′ = −c and γ
ats as −1 on c. Note that jγ(c) = −jγ(c) implies that jγ(2c) = 0 and 2c ∈ Jγ(k).
Then 2c = −2c implies that 4c = 0. Thus in this ase a possible exeptional
subset onsists of points c 6= c′ = −c of order 4 suh that γ(c) = −c.
Theorem 5.11. The group of automorphisms GC satises onditions of Proposi-
tion 4.5.
Proof. By Lemma 3.2, there is an injetive ontinuous homomorphism
ψ = ψℓ : GC →
∏
ℓ
GL2g(Zℓ).
Moreover, for all nontrivial γ ∈ GC the image ψℓ(γ) 6= 1, for innitely many ℓ.
Otherwise, let S be the nite set of primes suh that ψℓ(γ) is trivial for ℓ /∈ S.
Then
• J{S} → J(k)/Jγ(k) is a surjetion;
• C(k)→ J(k)/Jγ(k) is nite outside 0 ∈ J(k)/Jγ(k), by Lemma 5.10;
• C(k)→ J{S} is a surjetion with innite bers over every point, by The-
orem 5.6.
Contradition.
Corollary 5.12. For all γ, γ˜ ∈ GC there exists an n ∈ N suh that γn and γ˜n
ommute.
Proof. If sues to ombine Theorem 5.11 and Proposition 4.5.
Theorem 5.13. Let φ : (C, J) → (C˜, J˜) be an isomorphism of pairs. Then there
exists an n ∈ N suh that FrnC and φ−1(FrnC˜) ommute in Endk(J).
Proof. Immediate from Theorem 5.11 and Corollary 5.12.
Lemma 5.14. Assume that Fr and F˜r generate the same ℓ-adi subgroup in
GLn(Zℓ). Then there exist n, n˜ ∈ N suh that
Frn = F˜r
n˜
.
Proof. The assumption implies that there exist an α ∈ Z∗ℓ and an n˜ ∈ N suh that
Frα = F˜r
n˜
.
The same equality holds for the determinants. However, the determinants are
positive integer powers of p.
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6. Deteting isogenies
In this setion, we reall some fats from divisibility theory for linear reurrenes,
as developed in [CZ02℄, and apply these to derive a suient ondition for isogeny
of abelian varieties.
A funtion F : N → C is alled a linear reurrene if there exist an r ∈ N,
and ai ∈ C, suh that for all n ∈ N one has
F (n+ r) =
r−1∑
i=0
aiF (n+ i).
There is a unique expression
F (n) =
m∑
i=1
fi(n)γ
n
i ,
where fi ∈ C[x] are nonzero and γi ∈ C∗. The omplex numbers γi ∈ C∗ are alled
the roots of the reurrene. Let Γ be a torsion-free nitely-generated subgroup of
the multipliative group C∗. Then the ring of linear reurrenes with roots in Γ is
isomorphi to the unique fatorization domain C[x,Γ] (see [CZ02, Lemma 2.1℄);
the element in C[x,Γ] orresponding to a linear reurrene F will be denoted by
the same letter.
We say that {F (n)}n∈N is a simple linear reurrene, if deg(fi) = 0, for all i,
i.e., fi are onstants.
Proposition 6.1. Let {F (n)}n∈N, {F˜ (n)}n∈N be simple linear reurrenes suh that
F (n), F˜ (n˜) 6= 0 for all n, n˜ ∈ N. Assume that
1. The set of roots of F and F˜ generates a torsion-free subgroup of C∗.
2. There is a nitely-generated subring R ⊂ C with F (n)/F˜ (n) ∈ R, for
innitely many n ∈ N.
Then
G : N→ C
n 7→ F (n)/F˜ (n)
is a simple linear reurrene.
Proof. The fat that G is a linear reurrene is proved in [CZ02, p. 434℄. Enlarging
Γ, if neessary, we obtain an identity
G · F˜ = F,
in the ring C[x,Γ]. Sine F, F˜ are simple, i.e., in C[Γ], G is also simple.
24
Lemma 6.2. Let Γ be a nitely-generated torsion-free abelian group of rank r
with a xed basis {γ1, . . . , γr}. Let C[Γ] be the orresponding algebra of Laurent
polynomials, i.e., nite linear ombinations of monomials xγ =
∏r
j=1 x
gj
j , where
γ =
∑r
i=1 giγi ∈ Γ. Let γ be a primitive element in Γ, i.e., gcd(g1, . . . , gr) = 1.
Then, for eah λ ∈ C∗, the polynomial xγ − λ is irreduible in C[Γ], i.e., denes
an irreduible hypersurfae in the torus (C∗)r.
Let γ, γ′ ∈ Γ be arbitrary elements. The polynomials xγ − 1 and xγ′ − 1
are not oprime in C[Γ], i.e., the orresponding divisors in (C∗)r have ommon
irreduible omponents, if and only if γ, γ′ generate a yli subgroup of Γ.
Proof. The map dened by the monomial xγ : (C∗)r → C∗ has irreduible bers,
if and only if γ is primitive. For other γ, putm := gcd(g1, . . . , gr) > 1 and γ = mγ¯.
Then xγ − 1 = ∏ms=1(xγ¯ − ζsm), where ζm is a primitive m-th root of 1. By the
the rst observation, the polynomials xγ¯ − ζsm are irreduible. To prove the last
statement, note that oprimality of xγ−1 and xγ′−1 is equivalent to oprimality
of xγ¯ − 1 and xγ¯′ − 1, for the orresponding primitivizations γ¯, γ¯′ of γ, γ′. This
oprimality is equivalent to γ¯ 6= ±γ¯′.
Let A be an abelian variety of dimension g dened over a nite eld k1 of
harateristi p, and let {αj}j=1,...,2g be the set of eigenvalues of the orresponding
Frobenius endomorphism Fr on the ℓ-adi ohomology, for ℓ 6= p. Let kn/k1 be
the unique extension of degree n. The sequene
F (n) := #A(kn) =
2g∏
j=1
(αnj − 1). (12)
is a simple linear reurrene. Let Γ be the multipliative subgroup of C∗ generated
by {αj}j=1,...,2g. Choosing k1 suiently large, we may assume that Γ is torsion-
free. Choose a basis γ1, . . . , γr of Γ, and write
αj =
r∏
i=1
γ
aij
i ,
with aij ∈ Z. Reall that all αj are Weil numbers, i.e., all Galois-onjugates of αj
have absolute value
√
q, where q = #k1. It follows that, for j 6= j′, either αj = αj′
or αj , αj′ generate a subgroup of rank two in Γ (sine Γ does not ontain torsion
elements). We get a subdivision of the sequene of eigenvalues
{αj}j=1,...,2g = ⊔ts=1Is, t ≤ 2g,
into subsets of equal elements. Put ds = #Is and let αs ∈ Is.
Theorem 6.3. Let A and A˜ be abelian varieties of dimension g over nite elds
k1, resp. k˜1. Let F , resp. F˜ , be a simple linear reurrene as in equation (12).
Assume that F (n) | F˜ (n) for innitely many n ∈ N. Then A and A˜ are isogenous.
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Proof. Let Γ ∈ C∗ be the (multipliative) subgroup generated by {αj} ∪ {α˜j}.
Enlarging k1, resp. k˜1, we may assume that Γ is torsion-free. Proposition 6.1
implies that F/F˜ is a simple linear reurrene.
The Laurent polynomial orresponding to F , resp. F˜ , has the form
t∏
s=1
(
r∏
i=1
xaisi − 1)ds , resp.
t˜∏
s˜=1
(
r∏
i=1
xa˜is˜i − 1)ds˜ .
Observe, that
gcd(
r∏
i=1
xaisi − 1,
r∏
i=1
x
ais′
i − 1) ∈ C∗,
for s 6= s′. The same holds for F˜ . Using Lemma 6.2, we onlude that t = t˜,
that we an order the indies so that #Is = #I˜s, and so that the multipliative
groups generated by αs ∈ Is and α˜s ∈ I˜s have rank 1, for eah s = 1, . . . , t. Thus
α˜s = α
u
s , where u ∈ Q depends only on k1 and k˜1. It follows that some integer
powers of Fr, F˜r have the same sets of eigenvalues, with equal multipliities. It
sues to apply Theorem 1.1 to onlude that A is isogenous to A˜.
7. Reonstrution
We return to the setup in Setion 1: C, C˜ are irreduible smooth projetive urves
over k of genus ≥ 2, with Jaobians J , resp. J˜ . We have a diagram
J(k)
φ0

J1(k)
φ1

C(k)
j1
oo
φs

J˜(k) J˜1(k) C˜(k)
j˜1
oo
where
• φ0 is an isomorphism of abstrat abelian groups;
• φ1 is an isomorphism of homogeneous spaes, ompatible with φ0;
• the restrition φs : C(k)→ C˜(k) of φ1 is a bijetion of sets.
It will be onvenient to hoose a point c0 ∈ C(k0) and x the embeddings
C(k)→ J(k)
c 7→ c− c0
C˜(k)→ J˜(k)
c˜ 7→ c˜− φs(c0).
With this hoie, the isomorphism of abelian groups φ indues a bijetion on the
sets C(k) and C˜(k). In this situation we will say that
φ : (C, J)→ (C˜, J˜)
is an isomorphism of pairs.
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Lemma 7.1. For any hoie of n1, . . . , nr ∈ N and c1, . . . , cr ∈ C(k) one has
dimH0(C,O(
∑
i
nici)) = dimH
0(C˜,O(
∑
i
niφ
0(ci)).
Proof. The eetivity of a divisor on C is intrinsially determined by the group
J(k): the images of the maps C(d) → J , resp. C˜(d) → J˜ , are the same (under
φ0). We an distinguish D ∈ J(k) with dimH0(C,D) ≥ 1, and therefore all sets
of linearly equivalent divisors. By indution, we an detet that dimH0(C,D) ≥
n, with n > 1: there are innitely many points c ∈ C(k) ⊂ J(k) suh that
dimH0(C,D − c) ≥ n− 1.
Corollary 7.2. If C is hyperellipti, trigonal or speial (i.e., violate the Brill
Noether inequality) than so is C˜.
Corollary 7.3. Let A ⊂ C(d) →֒ J , for d < g, be a proper abelian subvariety.
Then there is a proper abelian subvariety A˜ ⊂ C˜(d) →֒ J˜ suh that φ0 indues an
isomorphism between A and A˜.
Proof. Any suh abelian subvariety of maximal dimension is haraterized by the
property that it ontains an arbitrarily large abelian subgroup of rank equal to
twie its dimension. In partiular, φ0 indues an isomorphism on suh subvarieties.
Lemma 7.4. Assume that g(C) > 2 and that C is biellipti. Then C˜ is also
biellipti and the map φ0 ommutes with every biellipti involution on C and C˜,
respetively.
Reall that a biellipti struture is a map jE : C → E of degree 2, where
E is an ellipti urve. By Theorem 10.3, all biellipti strutures orrespond to
embedded ellipti urves E ⊂ C(2) ⊂ J . Sine we assume g(C) > 2, there is a
nite number of suh embeddings and they are preserved under φ0. Thus if C
is biellipti then so is C˜, and the groups generated by biellipti reetions are
isomorphi.
Corollary 7.5. If C is the Klein urve then C˜ is also a Klein urve. Indeed, this
is a unique urve of genus 3 whih has the ation of PGL2(F7). The ation is
generated by biellipti involutions and hene C˜ is isomorphi to C.
Remark 7.6. Note that the isomorphism φ0 itself does not have to be algebrai,
a pronite power of the Frobenius will have the same properties.
Assume that char(k0) 6= 2, and that #k0 is suiently large, i.e., for all nite
extensions k1/k0 the points C(k1) generate J(k1), and same for C˜.
Lemma 7.7. Assume that C and C˜ are not hyperellipti. Fix nite elds k0, k˜0
suh that #k0,#k˜0 are suiently large and J(k0) ⊂ J˜(k˜0). Consider the tower
of eld extensions: k0 ⊂ k1 ⊂ . . ., where ki/ki−1 is the unique extension of degree
2, and similarly for k˜0. Then, for all n ∈ N,
φ0(J(kn)) ⊂ J˜(k˜n).
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Proof. We have an intrinsi indutive haraterization of C(kn) and J(kn), resp.
C˜(k˜n) and J˜(k˜n). Namely, c ∈ C(kn) \C(kn−1), i there exists a point c′ ∈ C(k)
suh that c + c′ ∈ J(kn−1). Indeed, if c ∈ C(kn) then c′ is the onjugate for the
Galois automorphism σ of kn/kn−1. Conversely, if c + c′ is a pair as above and
σ(c) 6= c′, then σ(c + c′) = c+ c′ ∈ J(k), whih denes a nontrivial hyperellipti
penil on C, ontraditing our assumption. By assumption on k0, points C(kn)
generate J(kn), as an abelian group. By indution, it follows that φ
0(J(kn)) ⊂
J˜(k˜n).
By Corollary 7.2, the hyperellipti property of C implies the same for C˜. The
hyperellipti ase requires a more deliate analysis of point ongurations.
Let C be a hyperellipti urve over a nite eld Fq. The Jaobian J2 of zero
yles of degree 2 ontains a unique eetive zero-yle z0 ∈ J2(Fq) orresponding
to the hyperellipti penil on C. We use this yle to identify J2(k) ≃ J(k) =
J0(k). Let k0/Fq be a nite extension, k1/k0 a quadrati extension and σ the
nontrivial element of the Galois group Gal(k1/k0). Put
C(k1)
− := {c ∈ C(k1) |σ(c) + c = z0 ∈ J2(k0)}.
Lemma 7.8. Let C be a hyperellipti urve dened over Fq. Then there exists an
N ∈ N suh that for all nite extensions k0/Fq with qN | #k0, the zero-yles of
even degree with support in C(k1) \ C(k1)− generate J(k1) ≃ J2(k1).
Proof. Let H ⊂ J(k1) be the subgroup generated by zero-yles of even degree
with support in C(k1) \ C(k1)−. Put q := #k0. Note that
|#C(k1)− − q| ≤ 2g√q.
Indeed, let ι : C → P1 be the hyperellipti projetion. Then ι(C(k1)−) ⊆ P1(k0),
and the image orresponds to those points on b ∈ P1(k0) suh that the degree 2
yle ι−1(b) does not split over k0. The laim follows from standardWeil estimates.
Lemma 5.5 implies a universal (k1 independent) bound for the index I := [J(k1) :
H ], e.g., I < m.
Now we apply the argument of Lemma 5.2. Let k0 be suh that J(k0) ontains
all J(k)[ℓ], for ℓ < m. Then H = J(k1). Indeed, for ℓ 6= 2 and J(k)[ℓ] ⊂ J(k0) the
order of J(k1)/J(k0) is oprime to ℓ: if an automorphism of order 2 ats trivially
on J(k)[ℓ] then it also ats trivially on all elements of ℓ-power order in J(k1).
Next, note that the elements of the form
1
2x, x ∈ J(k0) generate the 2-primary
part of J(k1) but that σ(
1
2x) = x + z0, z0 ∈ J2(k0) and hene 12x is never in
J(k1)
−
(the subgroup generated by C(k1)
−
). This ompletes the argument for
ℓ = 2.
Lemma 7.9. Assume that C and C˜ are hyperellipti. There exist nite elds k0, k˜0
and towers of quadrati eld extensions: k0 ⊂ k1 ⊂ . . ., resp. for k˜0, suh that for
all n ∈ N
φ0(J(kn)) ⊂ J˜(k˜n).
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Proof. By Lemma 7.8, the points in C(ki) \ C(ki)− generate J(ki). This subset
of points is dened intrinsially in C(k), provided J(ki−1) is already known. By
indution, as in the proof of Lemma 7.7, we obtain the required tower of degree
2 extensions, with an embedding
φ0 : J(ki)→ J˜(k˜i).
Theorem 7.10. Let φ : (C, J)→ (C˜, J˜) be an isomorphism of pairs. Then J and
J˜ are isogenous.
Proof. In both hyperellipti and nonhyperellipti ase we have shown that, for suf-
iently large nite ground elds k0, k˜0, there exist towers {kn}n∈N and {k˜n}n∈N
of degree 2 eld extensions with the following property:
φ0(J(kn)) ⊂ J˜(k˜n)
(see Lemma 7.7 and Lemma 7.9). Now we apply Theorem 6.3 to the Frobenius
automorphisms Fr, F˜r.
8. Generalized Jaobians
Let k be a eld and K/k a eld extension. Then the set
P(K) := K∗/k∗ = (K \ 0)/k∗
arries the struture of an abelian group and a projetive spae. Moreover, the
projetive struture (the set of projetive lines, their intersetions et.) is om-
patible with the group operation. We have:
Theorem 8.1. Let K and K˜ be funtion elds over k. Assume that we have an
isomorphism of abelian groups
φgr : K
∗/k∗ → K˜∗/k∗
induing an isomorphism of projetive strutures
φpr : P(K)→ P(K˜).
Then there exists an isomorphism of elds
φf : K → K˜.
Proof. See [BT04℄, Setion 4, for preise denitions and a proof.
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We will apply this Theorem to K = k(C) and K˜ = k(C˜).
We write J = J and J1 = J1, resp. J˜ and J˜1, for the Jaobian of degree 0
and degree 1 zero-yles on C, resp. C˜. Let Z0(k) = Z0(C(k)), resp. Z˜0(k), be
the group of degree 0 zero-yles on C, resp. C˜. We have a diagram
1 // K∗/k∗ // Z0(k)
φ0

// J(k)
φ

// 1
1 // K˜/k∗ // Z˜0(k) // J˜0(k) // 1
where φ0 is an isomorphism of abelian groups indued by φ and φs. This implies
the following
Lemma 8.2. Under the assumptions of Conjeture 1.3, we have an isomorphism
of abelian groups
φgr : K
∗/k∗ → K˜∗/k∗.
We have a natural embedding C →֒ J1 from (1), mapping a point in C(k) to
its yle-lass. Choosing a point c0 ∈ C(k) we also have an embedding
C(k) →֒ J(k)
c 7→ [c− c0] (13)
Write m =
∑r
i=1 niPi, ni ∈ Z \ 0, Pi ∈ C(k) for a zero-yle on C and
|m| := P1∪ . . .∪Pr for its support. Let Z0m(k) = Z0m(C(k)) be the group of degree
0 zero-yles with support disjoint from the support of m.
For every eetive k-rational zero-yle m let Jm(k), resp. J
1
m, be the general-
ized Jaobian of degree 0, resp. degree 1, zero-yles on C over k, modulo the ideal
generated by m. The generalized Jaobian Jm is an algebrai group, bered over
the Jaobian J with bers onneted abelian linear algebrai groups of dimension
#m− 1.
We have a ompatible family of embeddings
µ1m : C(k) \ |m| →֒ J1m(k) (14)
as well as surjetive homomorphisms of abelian groups
µm : Z
0
m(k)→ Jm(k). (15)
The natural embedding C →֒ J1, assigning to a point c ∈ C(k) its yle lass
[c] ∈ J(k) extends uniquely to a ompatible family of maps
µm : C \ |m| →֒ J1m.
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Proposition 8.3. Assume that for all m = P + R one has an isomorphism of
abelian groups
φ0m : Jm(k)→ J˜m(k)
and a diagram (of ompatible maps)
C(k) \ |m|

µm
// J1m(k)
ϕm

φ1m
// J˜1m(k)
ϕ˜m

C˜(k) \ |m|

µ˜m
oo
C(k) // J1(k)
φ1
// J˜1(k) C˜(k)oo
with φ1, φ1m isomorphisms of homogeneous spaes under Jm(k) ≃ J˜m(k) induing
bijetions of sets
C(k) \m = C˜(k) \m
Then k(C) = k(C˜).
Proof. It sues to prove that the isomorphism of groups
φgr : K
∗/k∗ → K˜∗/k∗
established in Lemma 8.2 preserves the respetive projetive strutures. A pro-
jetive line in P(K) is the projetivization of a two-dimensional k-vetor spae
generated by two funtions f, g ∈ K∗. By the ompatibility with multipliation
in K∗/k∗, we an assume that g = 1.
Every pair of rationally equivalent eetive zero-yles z0, z∞ on C(k) denes
a unique point in K∗/k∗ = P(K) - the divisor of a funtion f with zeroes z0
and poles z∞. To get a projetive line P1 ⊂ P(K) onsider the map πf : C → P1
dened by f and the indued family of yles zλ := π
−1
f (λ), for λ ∈ P1. The
family of points in P(K), given by yles zλ − z∞, is a projetive line in P(K)
through 1 and f .
Conversely, assume that for every suh pair z0, z∞ of equivalent eetive
yles on C we have an intrinsi denition of the set zλ. Then we reover the
projetive struture on P(K).
We dene an equivalene relation on C(k):
P ∼ Q⇔ (z0 − z∞) ∈ Ker(µm),
where m = P + Q. Observe that P ∼ Q i P,Q are both ontained in the ber
of πf . The set {zλ} is intrinsially dened as the set of equivalene lasses with
respet to ∼.
The group Z0(k) is the set of k-points of a ountable union of algebrai
varieties
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Z0(k) = ∪n∈N(C(n) × C(n))◦(k),
eah parametrizing pairs of eetive zero-yles of degree n of disjoint support.
This indues a grading on the subset K∗/k∗ ⊂ Z0(k).
Lemma 8.4. The multipliative groupK∗/k∗ is generated by omponents of degree
≤ g + 1.
Proof. Let z, z′ be eetive yles on C, of disjoint support, of degree n > g + 1.
The spae of yles equivalent to z − z′ has (projetive) dimension ≥ 2. Then
there exists an eetive yle z′′, equivalent to z and z′, suh that |z| ∩ |z′| 6= ∅
and |z′| ∩ |z′′| 6= ∅. (Choose a hyperplane setion in P(H0(C,O(z − z′))) whih
ontains points from the support of both z and z′. The intersetion of C with this
hyperplane gives z′′.) Now we an write
z − z′ = (z − z′′) + (z′ − z′′)
with (z − z′) and (z − z′′) having degree < n.
Let Y g+1, resp. Y g+1m , be the subvariety of C
(g+1) × C(g+1) orresponding
to pairs of eetive degree g + 1 yles of disjoint support, resp. in addition
with support disjoint from |m|. Eah suh pair of yles (z0, z∞) determines a
prinipal divisor on C, thus a funtion f , modulo k∗, and an algebrai morphism
Y g+1m → Gm whih on the level of points is given by
Y g+1m (k)→ k∗
(z0, z∞) 7→ f(P )/f(Q).
The algebrai variety X , resp. Xm is dened as the preimage of 1 ⊂ Gm. We get
the diagram, with maps morphisms of algebrai varieties:
1 // Xm

// Y g+1m
//

Jm //

1
1 // X // Y g+1 // J // 1
and a similar diagram for C˜.
Lemma 8.5. Under the assumptions of Conjeture 1.3, we have a bijetion of sets:
• φXs : X(k)→ X˜(k)
• φXs,m : Xm(k)→ X˜m(k).
Proof. It sues to give the following intrinsi desription:
Y g+1m (k) := {(z0, z∞) |P,Q /∈ |z0| ∪ |z∞| and P +Q ∈ |zλ|, for some λ}
and a similarly for Y g+1(k).
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9. Anabelian geometry
In this setion we disuss an appliation of the above results to Grothendiek's
Anabelian Program - the reonstrution of funtion elds from Galois groups.
Let C be an irreduible smooth projetive urve over k = F¯p of genus g ≥ 2,
J its Jaobian and K = k(C) its funtion eld. Throughout, we assume that
p > 2. Fix an algebrai losure K¯/K and let G = GK = Gal(K¯/K) be the
absolute Galois group. The main idea of anabelian geometry is that G, or even
one of its fators, determines C. Note that G is the ompletion of a free group
with an innite number of generators. In partiular, for any two urves over k the
orresponding groups are isomorphi as abstrat topologial groups. However, we
will see that in some instanes additional strutures allow us to reover the urve
from the Galois group.
Let
Ga = G/[G,G]
be the abelianization of G. Let ℓ be a prime number, Gℓ the ℓ-ompletion of G,
and Gaℓ the image of Gℓ in the abelianization. Clearly, Ga =
∏
ℓ Gaℓ . A k-rational
point c ∈ C(k) determines a disrete rank one valuation ν = νc of the funtion
eld K. We write Iν ⊂ G for the orresponding inertia subgroup and Iaν , resp.
Iaν,ℓ, for its image in Ga, resp. Gaℓ . The group Iaν is topologially yli.
We now proeed to desribe the groups Gaℓ , for ℓ 6= p (the struture of Gap is
more rened), losely following Setions 9 and 11 of [BT04℄. Dualizing the exat
sequene
0→ K∗/k∗ → Div(C)→ Pic(C)→ 0
we obtain the sequene
0→ Zℓ ∆ℓ−→M(C(k),Zℓ)→ Gaℓ → Z2gℓ → 0, (16)
with the identiations
• Hom(Pic(C),Zℓ) = ∆ℓ(Zℓ) (sine J(k) = Pic0(C) is torsion);
• M(C(k),Zℓ) = Hom(Div(C),Zℓ) is the Zℓ-linear spae of maps from
C(k) → Zℓ (note that Div(C) an be viewed as the free abelian group
generated by points in C(k));
• Z2gℓ = Ext1(J(k),Zℓ).
The interpretation
Gaℓ = Hom(K∗/k∗,Zℓ), (17)
arising from Kummer theory allows us to identify
Gaℓ ⊂M(C(k),Qℓ)/onstant maps (18)
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as the Zℓ-linear subspae of maps µ : C(k) → Qℓ (modulo onstant maps) suh
that
[µ, f ] ∈ Zℓ for all f ∈ K∗/k∗.
Here [·, ·] is the pairing:
M(C(k),Qℓ)×K∗/k∗→ Qℓ
(µ, f) 7→ [µ, f ] :=∑c µ(q)fc,
(19)
where div(f) =
∑
c fcc. In this language, an element of an inertia subgroup
Iaν,ℓ ⊂ Gaℓ orresponds to a delta-map (onstant outside the point c = cν).
Eah Iaν,ℓ has a anonial (topologial) generator δν,ℓ and the (diagonal) map
∆ ∈ M(C(k),Qℓ) from (16) is given by
∆ℓ =
∑
c∈C(k)
δc,ℓ.
Consider the abelian Galois group Ga(p) =
∏
ℓ 6=p Gaℓ . Let I = {Iac } be the set
of 1-dimensional valuation subgroups Iac ⊂ Ga orresponding to points c ∈ C(k).
Conjeture 9.1. Let C be a urve of genus g(C) ≥ 2 over k = F¯p. The pair
(Ga(p), I) determines the funtion eld k(C), modulo isomorphisms.
Remark 9.2. This fails when g(C) = 1. For any two ellipti urves over k the pairs
(Ga(p), I) are isomorphi. There are two types: supersingular urves with J{p} = 0
(whih are all isogenous) and ordinary urves.
We have the following partial result:
Theorem 9.3. Let C, C˜ be urves of genus ≥ 2 over k = F¯p, with p > 2. Assume
that there is an isomorphism of pairs
(Ga, I) ∼−→ (G˜a, I˜).
Assume in addition that either
• J{p} = 0 or
• g(C) > 4.
Then there is an isogeny J → J˜ and
Endk(J)⊗ Zℓ = Endk(J˜)⊗ Zℓ,
for all ℓ 6= p.
The ondition g(C) > 4 arises as follows: in the nonsupersingular ase when
J{p} 6= 0, our argument will be based on a detailed understanding of the map
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j : C(2) × C(2) → J
((x, x′), (y, y′)) 7→ (x+ x′)− (y + y′).
In partiular, it will be essential to desribe all abelian varieties in the image of j.
The orresponding lassiation is arried out in Setion 10, under the assumption
that g(C) > 4.
Proof of Theorem 9.3. We will redue to a version of Theorem 1.2, following
losely the desription of Galois groups in [BT04℄, Setion 11.
Dualizing (17), we reover the pro-ℓ-ompletion Kˆ∗ℓ of the multipliative
group K∗/k∗ as Hom(GaK ,Zℓ). Consider the following exat sequenes
0→ K∗/k∗ ρC−→ Div0(C) ϕ−→ J(k)→ 0, (20)
0→ K∗/k∗ ⊗ Zℓ ρC,ℓ−→ Div0(C) ⊗ Zℓ ϕℓ−→ J{ℓ} → 0. (21)
Put
Tℓ(C) := lim←− Tor1(Z/ℓ
n, J{ℓ}).
We have Tℓ(C) = Z2gℓ , where g is the genus of C. Passing to pro-ℓ-ompletions in
(20) we obtain an exat sequene of torsion-free groups
0→ Tℓ(C)→ Kˆ∗ℓ
ρˆC−→ D̂iv0(C)−→0, (22)
sine J(k) is an ℓ-divisible group. We write D̂iv0(C)ℓ for the ℓ-ompletion of
Div0(C). Clearly, Div0(C)⊗ Zℓ ⊂ D̂iv0(C)ℓ and we have a diagram
0 →K∗/k∗ ⊗ Zℓ ρC,ℓ−→ Div0(C)⊗ Zℓ ϕℓ−→ J{ℓ} → 0
↓ ↓ ↓
0→ Tℓ(C)→ Kˆ∗ℓ
ρˆC,ℓ−→ D̂iv0(C)ℓ ϕˆℓ−→ 0.
(23)
Fix a valuation ν0 and a generator δν0 of Iaν0 . This gives a anonial identiation
of generators δν ∈ Iaν for all ν 6= ν0, and similarly all δν,ℓ ∈ Iaν,ℓ, for all ℓ 6= p.
Let FS(C)ℓ ⊂ Kˆ∗ℓ = Hom(Gaℓ ,Zℓ) be the subgroup topologially generated
by elements αℓ ∈ Kˆ∗ℓ suh that
• α(δν0,ℓ) = 1,
• α(δν,ℓ) = −1, for some ν 6= ν0.
• αℓ is trivial on all δν′,ℓ, for ν′ 6= ν, ν0.
The group FS(C)ℓ is equal to Div0(C)⊗ Zℓ and we get a sequene
0→ Tℓ(C)→ FS(C)ℓ → J{ℓ} → 0, (24)
with ohomology isomorphi to K∗/k∗ ⊗ Zℓ. Sequene (24) denes a map
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C(k)
ιℓ−→ J{ℓ}.
Combining these, we obtain a map
ι =
∏
ℓ 6=p
ιℓ : C(k)→ J(k)/J{p}.
If J{p} = 0, the map ι is an embedding and we an apply Theorem 1.2 to onlude
that the Galois isomorphism implies isogeny.
Assume that J{p} 6= 0 and g(C) > 4.
Lemma 9.4. Let C be a urve of genus g(C) > 4. If j(C(2)×C(2))∩J{p} is innite
then j(C(2) × C(2)) ⊂ J ontains a nontrivial abelian variety.
Proof. Consider the ation of Zp generated by the p-omponent of some power of
the Frobenius endomorphism. Under the assumptions, the Zp-orbits of points in
j(C(2) × C(2)) an be arbitrarily large. Hene j(C(2) × C(2)) ontains arbitrar-
ily large subsets whih are invariant under translations by big yli p-groups.
Suh subsets must be ontained in translates of abelian subvarieties in J (see
Remarks 5.8, 5.7 and [Box92℄).
Case 1: j(C(2) × C(2)) does not ontain a nontrivial abelian variety.
By Lemma 9.4, j(C(2)×C(2))(k)∩J{p} is nite. Let k0 be a suiently large
nite extension of the ground eld suh that J(k0) ontains all points x, x
′, y, y′
with (x+ x′)− (y+ y′) ∈ J{p}− 0, and a nite subgroup Ap ⊂ J{p} with trivial
ation of Zp (generated by the Frobenius Fr over k0). We will also assume that
Ap ⊃ J [p]. Put J0 := J(k0) and dene indutively Jn+1 as the subset of points
x /∈ Jn ⊕ J{p} suh that there is an x′ with x + x′ ∈ Jn ⊕ J{p}. By indution,
we obtain a subgroup J∞ ⊂ J(k). Note that J∞ ontains J(k∞), where k∞ is the
2-losure of k0.
We laim that J(k∞) is losed under the above operation. Assume otherwise.
The ation of Zp on J(k0) and hene on J(k∞) is trivial. Let x+x′+yp ∈ J(k∞),
with yp ∈ J{p} \Ap. Then Zp ats nontrivially on yp but trivially on x+ x′ + yp.
Thus γ(x + x′) 6= x + x′, for some γ ∈ Zp, and γ(x + x′) − (x + x′) ∈ J{p}.
However, by assumption all suh points are ontained in J(k0), where the ation
of γ ∈ Zp is trivial, ontradition.
In partiular, if C˜ is another urve with the same data and J˜(k˜0) ontains
J(k0) then we obtain a tower of inlusions of groups as in Lemma 7.9 and we an
apply Theorem 7.10.
Let k0 be as above and assume that 0 6= x + x1 ∈ J(k0)/J{p} but that
x, x1 /∈ J(k1). Then γ(x)+γ(x1) = x+x1 6= 0, whih implies that C is hyperellipti
and that x, x1 are onjugated by a hyperellipti involution, hene 0 = x + x1,
ontraditing the assumption on x, x1. Thus we an proeed as before.
Case 2: j(C(2) × C(2)) ontains a nontrivial abelian variety.
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Assume now that j(C(2)×C(2)) does ontain an abelian variety. In Setion 10
we give a lassiation of suh subvarieties, when g(C) > 4. By Corollary 10.4
there is a divisor D ⊂ C(2) suh that any abelian variety in j(C(2) × C(2)) is
ontained in the image of D × C(2) ∩ C(2) × D. Thus there exist only nitely
many pairs x, x′ ∈ C and y, y′ ∈ C with x + x′ /∈ D and y + y′ /∈ D and suh
that (x + x′) − (y + y′) ∈ J{p}. Let k0 be a suiently large nite eld so that
J(k0) ontains all suh pairs x, x
′
and y, y′ and so that x, γ(x) ∈ C(k1) with
x + γ(x) /∈ D generate J(k1), for any nite extension k′/k0. Then we an apply
the same argument as above.
Note that suh a eld k0 exists, sine the number of elements in D(k
′) grows
as the square root of the number of elements in C(k′). Hene we an ombine
the arguments Lemma 5.2, 5.5 and 7.8 to show that for suiently large k0 our
assumption holds. This nishes the proof of Theorem 9.3.
Remark 9.5. When C has an algebrai automorphism α suh that C′ = C/α has
genus 1 ≤ g(C′) ≤ g(C)/2 we reover the algebrai projetion C → J ′ ⊂ J . In
partiular, we an reover every biellipti involution.
For example, the Klein quarti urve is the unique urve of genus 3 with
the maximal number of biellipti involutions. Thus the algebrai struture of
the Klein urve is ompletely enoded in the pair (Ga, I). Same holds for many
other urves with suiently many maps onto urves of small genus, providing
nontrivial examples where Conjeture 9.1 holds.
10. Appendix: Geometri bakground
In this setion we work over an algebraially losed eld k of harateristi 6= 2.
Let C be a urve of genus g(C) ≥ 2 and J its Jaobian. We will identify
the Jaobians of degree n zero-yles Jn with J . Reall that a d-gonal struture
on C is a surjetive morphism C → P1 of degree d. A hyperellipti struture
on C is a surjetive morphism C → P1 of degree 2 and a biellipti struture a
surjetive morphism C → E of degree 2. If W 12 (C) 6= ∅ then C is hyperellipti
and if W 13 (C) 6= ∅ and some element from W 13 (C) denes a proper map then C
is trigonal.
Consider the map
j : C(2) × C(2) → J
((x, x′), (y, y′)) 7→ (x+ x′)− (y + y′).
It ontrats the diagonal ∆ = ∆(C(2)) to a point and the divisor
δ := {((x, x′), (y, y′)) ∈ C(2) × C(2) |x′ = y′}
to a surfae j(C × C). Denote the union of the diagonal and the divisor δ above
as Dδ.
Assume that
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j((x, x′), (y, y′)) = j((z, z′), (w,w′)),
and that (x, x′) 6= (y, y′) and (x, x′) 6= (z, z′) in C(2). If (x, x′, w, w′) 6= (z, z′, y, y′)
as elements in C(4) then the relation
((x+ x′)− (y + y′))− ((z + z′)− (w + w′)) = 0 ∈ J
gives a nontrivial relation of degree ≤ 4
(x + x′ + w + w′)− (z + z′ + y + y′).
Thus if there is a linear series L of degree ≤ 4 on C with H0(C,L) ≥ 2, i.e., the
variety W 14 (C) is nonempty.
Lemma 10.1. Assume that
• (x, x′, w, w′) = (z, z′, y, y′) in C(4),
• ((x, x′), (y, y′)) 6= ((z, z′), (w,w′)) in C(2) × C(2),
• (x, x′) 6= (y, y′) and (z, z′) 6= (w,w′) in C(2).
Then there is a set {X,Y, Z,W}whih ontains both sets {x, x′, y, y′}, {z, z′, w, w′}
so that after some identiation
((x, x′), (y, y′)) = ((X,Y ), (Y, Z)) and ((z, z′), (w,w′)) = ((X,W ), (W,Z)).
in C(2) × C(2). Hene {x, x′, y, y′}, {z, z′, w, w′} ∈ Dδ = ∆ ∪ δ.
Proof. Sine (x, x′, w, w′) = (z, z′, y, y′) in C(4) the four-tuple {x, x′, w, w′} on-
tains also all the elements from {z, z′, y, y′}. Thus if we denote {x, x′, w, w′} as
(X,Y, Z,W ) and assume that none of the pairs ((x, x′), (y, y′)), ((z, z′), (w,w′))
onsists of the same letters we obtain that modulo permutation of (X,Y, Z,W )
(x, x′) = (X,Y ), (w,w′) = (Z,W ), (z, z′) = (Y, Z), (y, y′) = (W,X),
and that the above identiation is the only possible, modulo permutations. Thus
{x, x′, y, y′}, {z, z′, w, w′} ∈ Dδ = ∆ ∪ δ.
The following theorem lassies 4-gonal strutures on C.
Theorem 10.2 (Mumford, f. [ACGH85℄, p. 193). Assume that W 14 (C) 6= ∅. Then
one of the following holds:
(0) dimW 14 (C) = 0: then C has a nite number of 4-gonal strutures;
(1) dimW 14 (C) = 1:
(a) C is smooth plane urve of genus 6 and degree 5 and the orresponding
line bundle L = H − p, p ∈ C, where H is a hyperplane setion;
(b) C is biellipti and L is obtained from a biellipti involution C → E →
P1, where the seond map arises from a reetion with respet to some
point on E;
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() C is trigonal with a unique trigonal struture and L = H + c, where
c ∈ C(k), and H denes a trigonal map onto P1;
(2) dimW 14 (C) = 2: then C is hyperellipti and L = 2H, where H is a
hyperellipti bundle, or L = H + c + c′, where c, c′ ∈ C(k) and c′ 6= σ(c),
for the hyperellipti involution σ; in the former ase, dimH0(C, 2H) = 3
and any other L as above denes the same projetion H.
Mumford's theorem holds over arbitrary ground elds. We use it to desribe
expliitly abelian subvarieties of j(C(2) × C(2)) ⊂ J , for g(C) > 4.
Theorem 10.3. Let C be a urve of genus g(C) > 4 and J its Jaobian. Assume
that j(C(2)×C(2)) ⊂ J ontains translations of abelian subvarieties. Then one of
the following holds.
1. C is hyperellipti with a map C → E of degree 4 and
E ⊂W4 = j(C(2) × C(2)).
2. C is hyperellipti with a map C → E of degree 3 and E×C ⊂W4(C) ⊂ J ,
with the map orresponding to the summation of yles. Further, E ⊂
W3(C) ⊂ J , with the embedding indued by the projetion from C.
3. C is biellipti and there is a nite number of biellipti strutures ei : C →
Ei. Eah suh map denes an embedding i2 : Ei ⊂ C(2). The abelian
subvarieties are:
• j(Ei × Ei) = Ei ⊂ j(C(2) × C(2)) (of dimension one),
• j(Ei × Ei′ ) ⊂ j(C(2) × C(2)), with i 6= i′, (of dimension two), and
• j(Ei × C(2)) - two-dimensional families of ellipti urves.
4. C admits a map h : C → C˜ of degree two onto a urve of genus 2, and
A = C˜(2).
Corollary 10.4. There is a divisor D ⊂ C(2) suh that abelian subvarieties in
j(C(2) ×C(2)) are ontained in j(D×C(2) ∪C(2) ×D). In the hyperellipti ases
1 and 2, the omponents of D are dened by the urves of two-yles of degree
4 and 3 maps. In Case 3, a biellipti struture denes an ellipti urve in C(2)
whih is a omponent of D. In Case 4, a omponent is given by C˜ of genus 2
embedded into C(2).
The remainder of this Appendix is devoted to a proof of Theorem 10.3. We
use the results and tehniques from [AH91℄.
First we onsider the ase when C is hyperellipti. Then j(C(2) × C(2)) ⊂ J
oinides with W4(C), the image of C
(4)
.
Lemma 10.5. Let C be a hyperellipti urve of genus g(C) > 4. IfW4(C) ontains
a nontrivial abelian subvariety A then:
1. dimA = 1 and there is a surjetive map f : C → A of degree 3 or 4, and
the embedding of A into W3(C), resp. W4(C), is indues by this map.
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2. There is a surjetive map f : C → C˜ of degree 2, where g(C˜) = 2, and
A = C˜(2).
Proof. By Theorem 4 of [AH91℄, if A ⊂ W3(C) is an abelian subvariety and
g(C) > 4 then A is an ellipti urve and C admits a map C → A of degree ≤ 3,
whih denes the embedding of A into W3(C).
Let A ⊂ W4(C) be an abelian variety. Let A2 = A + (a) ⊂ W8(C) be the
translation of A by an a ∈ A(k). Eah α ∈ A2(k) denes a line bundle Lα on C
(of degree 8). By Lemma 1 in [AH91℄,
dimH0(C,Lα) > dimA+ 1.
By Lemma 2 in [AH91℄, if dimH0(C,Lα) = 2 then A has dimension 1 and there
is a map C → A of degree 4.
Now assume that dimH0(C,Lα) ≥ 3, for all α. Then 8 ≤ 2g(C)− 2. Sine C
is hyperellipti the map
φα : C → Pr(α),
where r(α) = dimH0(C,Lα)−1, is not birational onto its image. Thus C satises
the assumptions of Lemma 3 [AH91℄ and we onlude that either A ⊂ W 1
d˜
(C),
where 2 ≤ d˜ ≤ 4, or there is a nontrivial fatorization
C
ρ−→ C˜ → Pr(α)
and an embedding A ⊂Wd˜(C˜), with d˜ = 4/ deg(ρ). Sine C is hyperellipti,
W 14 (C) =W
1
3 (C) =W2(C).
We now apply Theorem 3 [AH91℄: if A ⊂ W2(C) and g(C) ≥ 3 then C is not
hyperellipti, ontradition to our assumption. If d˜ = 1 then A ⊂ W1(C˜) and
hene C˜ = A is an ellipti urve and we are in Case 1.
If d˜ = 2, then A ⊂W2(C˜) and either 1 ≤ g(C˜) ≤ 2 or C˜ is biellipti. If C˜ were
biellipti we would get a degree 4 map from C onto an ellipti urve. If g(C˜) = 1
then C is biellipti, ontraditing the assumption on the genus of C. If g(C˜) = 2
then A =W2(C˜).
From now on we assume that C is nonhyperellipti. In partiular, C(2) does
not ontain rational urves.
Assume that the map j : C(2) × C(2) → J is an embedding outside of the
diagonal ∆ ∪ δ. Then A ⊂ j(C(2) × C(2)) lifts birationally to C(2) × C(2) and
the image of A in eah projetion to C(2) must be an ellipti urve or a point.
It follows that A is ontained in a produt of ellipti urves in C(2) × C(2). It
remains to apply the following lemma (see, e.g., [AH91℄).
Lemma 10.6. Assume that C is a nonhyperellipti urve of genus g(C) > 4. Let
C˜ ⊂ C(2) be a urve of genus 1 or 2. Then there is a degree 2 map C → C˜.
Now we assume that there is a nontrivial subvariety Z ⊂ C(2) × C(2) not
ontained in the diagonal∆(C(2)) suh that j : Z → J is not an embedding on the
omplement of ∆(C(2)). This ours only when C is one of the urves satisfying
Mumford's theorem 10.2. In partiular, W 14 (C) 6= ∅.
A map f : C → P1 of degree 4 determines a possibly reduible urve
Cf := (C ×P1 C \∆(C)) /Z/2,
where the Z/2-ation interhanges the fators. The urve Cf parametrizes un-
ordered pairs of points (c, c′) in the bers of f . We have a natural embedding
ξf : Cf ⊂ C(2) and a projetion ηf : Cf → P1 of degree 6. In addition, there is a
natural nontrivial berwise involution ι : Cf → Cf whih maps the degree 2 yle
(c, c′) into the omplementary yle in the same ber of f , i.e., if (c, c′, c′′, c′′′) is
a ber of f then ι(c, c′) = (c′′, c′′′). The map g : Cf/ι = Cg → P1 has degree 3.
The urve Cg parametrizes the splittings of the bers of f into a pairs of degree
2 zero-yles.
Let n2, n2,2, n3, n4 be the number of dierent ramiation types for f : C →
P1, i.e., ni is the number of bers of f with one ramiation of multipliity i, for
i = 2, 3, 4, and n2,2 the number of bers with 2 simple ramiations.
Lemma 10.7. Assume one of the following holds:
• Cf is irreduible and at least one of the n2, n3 or n4 is nonzero or
• Cf is reduible and f : C → P1 is not a Galois overing.
Then
g(Cg) ≥ 1
2
g(C) ≥ 3.
Proof. The Galois group Gal(f) of the 4-overing f : C → P1 is one of the
following
S4,A4,D4,Z/4,Z/2⊕ Z/2.
The urve Cf is irreduible i Gal(f) ats transitively on the subsets of 6 un-
ordered pairs of 4 points. This is the ase of S4,A4. In the ase of D4 and Z/4 the
set of 6 unordered pairs splits into two orbits of orders 4 and 2, respetively, and
in the ase of Z2 ⊕ Z/2 there are orbits of order 2. This determines all possible
splittings of Cf .
Note that for D4,Z/4 the urve C is isomorphi to a onneted omponent of
Cf and there is a natural involution θ on C given by a entral element of order 2
in D4 and Z/4, respetively. The quotient hyperellipti urve C/θ oinides with
the seond omponent of Cf , so that Cf = C ∪ C/θ.
It is easy to obtain numerial harateristis of Cf and Cg in all ases. By
Hurwitz' formula,
2g(C)− 2 = n2 + 2n2,2 + 2n3 + 3n4 − 8. (25)
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There is a natural orrespondene between the ramiation diagrams for the
bers of C,Cg and Cf . Write (i1, . . . , ir) for the ramiation type of a ber of
the orresponding map to P1, a smooth ber of a map of degree r orresponds to
(1, . . . , 1), r-times. We have
C Cg Cf
(1, 1, 1, 1) (1, 1, 1) (1, 1, 1, 1, 1, 1)
(2, 1, 1) (2, 1) (2, 2, 1, 1)
(2, 2) (2, 1) (4, 1, 1)
(3, 1) (3) (3, 3)
(4) (3) (6)
Note that the ation of Z/2 on the bers of Cf is free only in the rst and third
ases. We obtain
g(Cg) =
1
2
n2 +
1
2
n2,2 + n3 + n4 − 2.
Using (25),
2g(Cg) = n2 + n2,2 + 2n3 + 2n4 − 4 > 1
2
n2 + n2,2 + n3 +
3
2
n4 − 3 = g(C)
and
1
2
n2 + n3 +
1
2
n4 − 1 = 2g(Cg)− g(C)
and hene g(Cg) ≥ 3, if either g(C) > 5 or some singular bers of f are not
of type (2, 2). Note that if the ation of Z/2 is free on Cf then n2,2 = 0 and
g(Cg) = g(C) + 1 > 5.
Consider the reduible ase with the Galois group D4. As explained above,
C is obtained as a quotient of the Galois over by a nonentral Z/2 ⊂ D4. Thus
there is also an ation of a entral Z/2 on C. The family of degree two yles splits
into a urve C and C/Z/2. The only singular bers are (2, 1, 1), (2, 2), (4) and
the orresponding bers or (1, 1), (2), (2), respetively. Thus Cg is a hyperellipti
urve and Cf is a double overing with ramiations over points in Cg with some
of them not belonging to the invariant points of the hyperellipti involution. If
the Galois group is Z/4 then Cf is a double overing of Cg, doubly ramied over
ramiation points of Cg → P1. This gives a lower bound on the genus of Cg:
g(C) =
3
2
n4 − 5 and g(Cg) = n4 − 1.
Thus
2g(Cg) > g(C).
When Gal(f) = Z/2 ⊕ Z/2 the urve C is atually a ber produt of two hyper-
ellipti urves over P1.
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We ontinue the investigation of Z. Consider the map
Cf × Cf
ξ2f−→ C(2) × C(2) j−→ J.
There is natural ation of D4 on Cf×Cf whih ontains the permutation of bers
i and berwise involutions (ι, id), (id, ι) on Cf × Cf .
Lemma 10.8. Let f : C → P1 be a map of degree 4. The restrition of j to the
image ξ2f (Cf × Cf ) is the omposition of the quotient by the involution i ◦ (ι, ι),
whih is onjugate to i, with a birational embedding, whih is an isomorphism
onto its image on the omplement to the diagonal ∆(C(2)) and
⋃
f ′ 6=f
ξ2f ′(Cf ′ × Cf ′) ⊂ C(2) × C(2),
over all other 4-gonal maps f ′. In partiular, we have a fatorization
Cf × Cf

ξ2f
// C(2) × C(2)
j

C
(2)
f
jf
// J.
Proof. Consider the pair of yles (x1, x2), (y1, y2) ∈ Cf × Cf . Then
(x1 + x2)− ι(y1, y2) = y1 + y2 − ι(x1, x2)
whih implies that j fators through the quotient by i◦(ι, ι) and hene Cf ×Cf ⊂
Z. Assume that
(x1 + x2)− (z1 + z2) = (y1 + y2)− (w1 + w2),
where (z1 + z2) 6= ι(y1, y2). Sine C is nonhyperellipti,
(z1 + z2) 6= (x2 + x3), (x2, x3) = ι(x1, x2)
and we obtain
y1 + y2 + z1 + z2 = x1 + x2 + w1 + w2
whih orresponds to a dierent 4-gonal struture f ′ on C with (x1, x2), (y1, y2) ⊂
Cf ′ × Cf ′ .
Corollary 10.9. If Cf is irreduible then for any other Cf ′ the intersetion
ξ2f (Cf × Cf ) ∩ ξ2f ′(Cf ′ × Cf ′)
is nite. Hene the image j ◦ ξ2f (Cf × Cf ) is birational to C(2)f .
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Proof. Mumford's theorem 10.2 implies that there is at most a one-dimensional
family of 4-gonal struture on C. Hene the intersetion of ξ2f (Cf ×Cf ) with the
union of ξ2f ′(Cf ′ ×Cf ′), over all other 4-gonal strutures f ′, is at most a urve in
ξ2f (Cf × Cf ).
Lemma 10.10. Let Z◦ ⊂ C(2) × C(2) \ ∆(C(2)) be the maximal subvariety suh
that j restrited to Z◦ is not an isomorphism onto its image. Let Z be the Zariski
losure of Z◦ in C(2) × C(2). Then
Z = ∪fZf ,
over the set of 4-gonal strutures on C. Here Zf = Cf × Cf .
Proof. Assume that
j((x, x1), (y, y1)) = j((y2, y3), (x2, x3)).
Then
(x+ x1)− (y + y1) = (y2 + y3)− (x2 + x3)
and hene
(x+ x1) + (x2 + x3) = (y + y1) + (y2 + y3)
whih means that for any z, w ∈ C(2) × C(2), z 6= w with j(z) = j(w) there is a
4-gonal map f so that z, w ∈ Cf × Cf and i(ι, ι)(z) = w.
Corollary 10.11. If C is not hyperellipti then j : C(2)×C(2) → J is a birational
isomorphism onto its image.
Proof. Indeed, Mumford's theorem 10.2 implies that the family of 4-gonal maps
on C is at most one-dimensional. Hene Zf has dimension 2 for any 4-gonal
struture. Sine we have at mostW 14 (C) in the nonhyperellipti ase, Z is at most
a one-dimensional family of surfaes and the map j is an embedding outside of Z
and δ. Thus j is a birational isomorphism onto its image.
Lemma 10.12. Any abelian subvariety A ∈ j(C(2) ×C(2)) whih is not in j(Z) is
ontained in either j(E1 × C(2)) or j(C(2) × E1), where E1 ⊂ C(2) is an ellipti
urve. This embedding orresponds to a biellipti struture h1 : C → E1.
Proof. Let A ∈ j(C(2)×C(2))\ j(Z). Then j−1(A) = A˜ is birationally isomorphi
to A. The projetions π1, π2 : A˜ → C(2) map it either into an ellipti urve Ei
or into a point. Indeed, by assumption on C the surfae C(2) is of general type
and does not ontain a rational urve sine C is not hyperellipti. Thus the image
πi(A), i = 1, 2, is an ellipti urve for at least one i = 1, 2, for example π1. By
Theorem 10.3, C is biellipti with an embedding Ei →֒ C(2) orresponding to the
biellipti struture hi : C → Ei. Thus A ⊂ E1 × C(2).
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Corollary 10.13. If A ⊂ j(C(2) × C(2)) does not orrespond to Case 3 of Theo-
rem 10.3 then A ⊂ j(Z).
Let us onsider individual subvarieties Zf ⊂ Z.
Lemma 10.14. Let C be nonhyperellipti, of genus g(C) > 4. Then the irreduible
urve Cf is not biellipti.
Proof. Assume that Cf is biellipti. Then Cg is also biellipti. Indeed, onsider
the biellipti map Cf → E. There is a degree 4 surjetive map C(2)f → C(2)g whih
maps an ellipti urve E ⊂ C(2)f to an ellipti or a rational urve. In the seond
ase, the involution on Cf maps to a hyperellipti involution on Cg.
Cf //

E

Cg // P1
If Cf , Cg are irreduible then Cg is trigonal. Hene g(Cg) ≤ 2. However, by
Lemma 10.7, g(Cg) ≥ 3, ontradition. Thus the image of E is an ellipti urve
and the diagram is:
Cf //

E

Cg // E˜ = E/Z/2,
where E → E˜ is an unramied overing of degree 2. Thus Cg is biellipti and
trigonal and Cf → Cg is an unramied double over indued by E → E˜.
This implies that g(Cg) ≥ 4. Indeed, if the trigonal struture Cg → P1 were
invariant with respet to the biellipti involution ι then the latter would indue
an involution ι′ on P1. Sine ι′ has exatly two invariant points all the invariant
points of ι are ontained in two bers of the map Cg → P1. Thus Cg is a degree
2 overing of E˜ ramied in at most 6 points whih implies the result. If on the
other hand, Cg → P1 is not ι-invariant then C has 3 dierent trigonal strutures
and hene maps birationally into a urve of bi-degree (3, 3) in P1 × P1. Then
2g(Cg)− 2 ≤ 3(H1 +H2)(H1 +H2) = D(D +K) = 6
and hene g ≤ 4. Note that the genus of C is equal to g(Cg) − 1 whih follows
from (25) beause of the absene of 2, 2 and 4 bers in this ase. This nishes the
proof of the lemma.
Remark 10.15. The onstrution above is part of the lassial Prym variety on-
strution with J = Prym(Cg, θ), where θ is a point of order two dening the
nonramied overing Cf . Thus
g(C) = dimPrym(Cg, θ) = g(Cg)− 1.
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Lemma 10.16. If C is not a plane urve of degree 5 then any abelian subvariety
in the image j(C(2)×C(2)) ⊂ J is ontained in ⋃f Zf , over all f dening 4-gonal
strutures on C, with reduible Cf .
Proof. If Cf is irreduible then C
(2)
does not ontain an ellipti urve by
Lemma 10.14. The set where the map is not bijetive oinides with the interse-
tion lous with other Cf ′×Cf ′ . Sine under the assumption of the lemma there is
only a nite number of 4-gonal strutures whih don't orrespond to a biellipti
struture, the one-dimensional families of Cf ′ orrespond to biellipti maps. They
dene the only urves in C(2) where
jf : C
(2)
f \∆(Cf )→ J
is not an isomorphism. Thus only reduible Cf ontribute abelian subvarieties in
the image.
Lemma 10.17. If Cf is reduible and j(Zf ) ontains an abelian subvariety then:
1. C is biellipti and f : C → P1 is a omposition C → E with an involution
on E. Then C
(2)
f ontains E.
2. The map f : C → P1 is a omposition of a degree two map C → C˜ onto
a urve of genus two and a hyperellipti projetion C˜ → P1. In this ase
j(Zf ) ontains the abelian surfae j(C˜
(2)).
3. If Z/2⊕Z/2 ats on C then we get a ombination of the above two ases,
depending on the genus of the urves Ci.
Proof. It is evident that in all of these ases there is an abelian subvariety in
j(Zf ). In ases D4,Z/4 the image of j(Zf ) is a birational embedding for three
surfaes
C(2), (C/θ)(2), C × (C/θ)
into J . Thus if C is not biellipti the abelian subvariety may be ontained in
C×(C/θ) (and then C/θ is an ellipti urve - ontraditing the assumption) or in
(C/θ)(2). The latter is hyperellipti and hene (C/θ)(2) does not ontain ellipti
urves if g(C/θ) ≥ 3. Thus the only possibility is g(C/θ) = 2 and (C/θ)(2) is
birational to an abelian surfae.
Similarly, in the ase of Z/2 ⊕ Z/2 we have a union of Ci × Ci′ , i 6= i′ and
C
(2)
i whih implies the result.
Thus we have shown that unless C is a smooth plane urve of degree 5 and
genus 6 the abelian subvariety is ontained in j(Z) only in the ases desribed by
the theorem.
Lemma 10.18. Let C ⊂ P2 be a smooth plane urve of degree 5. Fix a point c ∈ C.
Let f = fc be the 4-gonal struture on C dened by projetion from c. Then
1. Z is irreduible,
2. Z ontains an open subvariety Z0 ⊂ Z suh that any point in Z0 is on-
tained in a unique Zfc ,
46
3. there is a rational map πf : Z → C with the losures of a ber π−1f (c) =
Cfc × Cfc , c ∈ C,
4. the map j on Z0 has degree 2,
5. the map j on Z0 ommutes with πf and there is a ommutative diagram
of maps
Z
πf
//
j

C
j(Z) // C,
6. any abelian subvariety A ⊂ j(C(2) ×C(2)) is ontained in j(Zfc) for some
c ∈ C.
Proof. We have already proved that any abelian subvariety in j(C(2) × C(2)) is
ontained in j(Z) =
⋃
j(Zfc) sine in the ase of a smooth urve of degree 5 any
linear series in W 14 (C) orresponds to one of the four-gonal maps fc, c ∈ C.
First we show that Z ⊂ C(2)×(2) is irreduible. As we have mentioned Z is a
union of varieties Cfc × Cfc), c ∈ C. It sues to show that a generi urve Cfc
is irreduible. If Cfc is not irreduible then by Lemma 10.17 there is a Z/2 ation
on C, with enter c of the projetion fc xed by this ation. The struture of a
smooth projetive urve of degree 5 is unique on C and hene the group Z/2 above
is a subgroup of a nite subgroup IC ⊂ PGL3(k) whih stabilizes C ⊂ P2. Sine
there is only a nite number of subgroups Z/2 ∈ IC , the a number of projetions
fc suh that Cfc is reduible is also nite. Hene Z is irreduible.
Any two-yle (x, x1) on C denes a unique line l(x, x1) with l(x, x1) ∩ C
ontaining (x, x1). When x, x1 are dierent, l(x, x1) is the unique line through
x, x1. When x = x1 then l(x, x1) = l(x, x) is the tangent to the smooth urve C
at x ∈ C. Let ((x, x1), (y, y1)) be a point in Z.
If l(x, x1) 6= l(y, y1) then l(x, x1), l(y, y1) interset at a unique point c ∈ C.
This denes a rational surjetive map
πf : C
(2) × C(2) → C
((x, x1), (y, y1)) 7→ c := l(x, x1) ∩ l(y, y1)
from an open subvariety Z◦ ⊂ Z, dened by l(x, x1) 6= l(y, y1). If l(x, x1) =
l(y, y1) then the points x, x1, y, y1 belong to the same 5-yle in the intersetion
l(x, x1)∩C. If x+ x1 + y+ y1 is the ber of fc dened by the fth point c in the
intersetion l(x, x1) ∩ C then πf ((x, x1), (y, y1)) = c and hene πf is well-dened
on suh ((x, x1), (y, y1)) ∈ Z.
Thus πf may fail to be well-dened only on the surfae
Sl = {((x, x1), (x, x2)) ⊂ Z, | l(x, x1) = l(x, x2)}.
Consider the restrition of j on Z0 = Z\Sl. Let us show that j is exatly of degree
2 on Z0 and j(Sl) ⊂ j(C × C), where C ⊂ J = J1 is a standard embedding.
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Indeed, assume that ((x, x1), (y, y1)) ∈ Z0. Then they dene a unique point
c whih is either the intersetion point l(x, x1) ∩ l(y, y1) or the the fth point in
the intersetion l(x, x1) = l(y, y1) ∩ C. The equality of zero-yles
(x+ x1)− (w + w1) = (y + y1)− (z + z1)
implies
(x+ x1) + (z + z1) = (y + y1) + (w + w1).
Thus if l(x, x1) 6= l(y, y1) then l(x, x1) = l(z, z1), l(y, y1) = l(w,w1). Hene
ιfc(x, x1) = ιfc(y + y1). We also have πf ((x, x1), (y, y1)) = πf ((w,w1), (z, z1))
whih yields the result in this ase.
In the seond ase, (x + x1) − (x2 + x3) = (z1 + z2) − (w1 + w2) implies
(x+x1)+(w1+w2) = (x2+x3)+(z1+z2) and that l(w1, w2) = l(x1, x2), l(z1, z2) =
l(x2 + x3). Hene both yles are ontained in l(x, x1). Unless (w1, w2) = (x2, x3)
and (z1, z2) = (x, x1) there is a relation between two positive yles from
l(x, x1) ∩ C of degree < 4 whih annot happen sine C is neither trigonal, nor
hyperellipti. Thus we showed that the map j : Z0 → j(Z0) is a map of degree 2.
If ((x, x1), (x, x2)) ⊂ Sl then
j((x, x1), (x, x2)) = x1 − x2 ∈ j(C × C).
This ompletes the desription of the map j on Z.
Thus j ommutes with the map πf on Z0 and denes a rational surjetion
π′f : j(Z) → C. For any A ⊂ j(Z) \ j(C × C) the image of π′f (j(A)) is a point.
Hene any suh A is ontained the losure of the ber of π′f whih is equal to
j(Zf ). On the other hand, j(C ×C) does not ontain any abelian subvariety and
hene the above statement holds for any abelian subvariety in j(Z) or equivalently
in j(C(2) × C(2)).
Corollary 10.19. If C is smooth plane urve of degree 5 then any abelian subvariety
of j(Z) is ontained in one of the j(Zf ). Moreover, a maximal abelian subvariety
A ⊂ j(Z) ⊂ j(C(2)×C(2)) is neessarily of dimension 2 and it exists only if there
as an ation of Z/2 on C. In this ase g(C/Z/2) = 2 and A = J(C/Z/2). There is
exatly one suh subvariety for any subgroup Z/2 in the group of automorphisms
of C.
Proof. The number of ramiation points is at most 6 sine they are ontained
in a union of a Z/2-invariant point and a line in P2. By the genus alulation,
g(C/Z/2) = 2. This urve denes an abelian surfae in J .
This ompletes the proof of the main theorem apart from the ase of a trigonal
urve C.
Lemma 10.20. Let C be a smooth projetive urve of genus g(C) > 4. If C has a
trigonal struture then it is unique.
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Proof. Two distint struture would give a rational embedding of bidegree (3, 3)
into P1 × P1. The genus omputation shows 2ga(C) − 2 = (3, 3) · (1, 1) = 6,
where ga(C) is the arithmeti genus of the image of C. Hene ga(C) = 4 and
g(C) ≤ ga(C), ontradition.
Lemma 10.21. Assume that C is trigonal urve of genus g > 4, with a projetion
h : C → P1 of degree 3. Then j(C(2)×C(2)) ⊂ J ontains no abelian subvarieties.
Proof. First of all, C is neither biellipti, nor hyperellipti, nor a plane urve of
degree 5 (f. [AH91℄). Moreover, the trigonal struture is unique (see [ACGH85℄).
Eah point c ∈ C denes a degenerated 4-gonal struture. Apart from these,
there are only nitely many other 4-gonal strutures. Sine the trigonal struture
on C is unique there is no Z/2-ation on C, by the same genus estimate as in
Lemma 10.14. Hene for any additional 4-gonal struture on C the urve Cf is
irreduible.
We have two maps
πc : C → C(2)
c′ 7→ c′ + c
where c ∈ C(k) and
χ : C → C(2)
c′ 7→ c′′ + c′′′,
where c′, c′′, c′′′ are in the same ber of the projetion dening the trigonal stru-
ture.
If follows that
Z = ∪fCf × Cf
⋃
∪c∈C(k)(πc(C) ∪ χ(C))2 ⊂ C(2) × C(2),
where f runs over a nite set of nontrivial 4-gonal strutures.
Thus
j(Z) = ∪j(C × C) ∪ j(C(2) × χ(C))
⋃
∪f j(Zf ),
where f runs over (a nite set of) nondegenerate 4-gonal strutures on C.
Note that j(C × C) and j(Zf ) do not ontain abelian subvarieties. Consider
(x, y)× (c, c′), (z, w)× (s, s′) ∈ C(2) × χ(C). Then
j((x, y), (c, c′)) = j((z, w, ), (s, s′))
if
(x+ y)− (c+ c′) = (z + w) − (s+ s′)
whih is equivalent to x + y + c′ = z + w + s′. The uniqueness of the trigonal
struture implies that (x, y) = (c, c′) and (z, w) = (s, s′). Hene the additional
gluing in j(C2 × χ(C)) ours only on the diagonal in χ(C)× χ(C).
Thus there are no abelian subvarieties in j(C(2) × C(2)).
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